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There are two main goals in studying the size distribution of the transneptunian objects
(TNOs). The first is the quest to determine the mass in the transneptunian region. The second
is to understand the competition between accretion and collisional erosion. The size distribu-
tion of the largest bodies is controlled by the accretion process, while that of bodies smaller
than 50–100 km in diameter is believed to result from collisional evolution. An accessible way
to determine the size distribution of TNOs is to determine their luminosity function (LF) and
then try to convert magnitude to size. Interpreting the survey data to determine the correct LF,
with confidence region for the parameters, is a subtle problem and is only beginning to be
properly understood. Converting the LF into a size distribution is very complex and involves
modeling, both dynamical and of physical surface properties of the TNOs. Several papers have
been published that address this question, yielding LF slope of 0.3 to 0.9, and 1 object per
deg2 brighter than R magnitude 23–23.5. The exponent of the size distribution is most likely
on the order of 4–5 for bodies larger than a few tens of kilometers, and the number of objects
with diameter larger than 100 km is on the order of a few 104. However, this subject is still in
its infancy, and much observational and modeling work needs to be done before we claim to
know the size distribution of the various populations of TNOs.

1. INTRODUCTION

In this chapter, we consider another aspect of transnep-
tunian object (TNO) discovery called the luminosity func-
tion (LF), which we then relate to the size distribution of
these small bodies. Discovering TNOs goes beyond the
simple fact of finding yet other small bodies in the solar
system. Our ultimate goal is to understand, through the
knowledge of the current small-body populations, the for-
mation and evolution processes of our solar system, and
potentially of other planetary systems. Much of the moti-
vation for observational and cosmochemical studies of small
bodies stems from the desire to use the results to constrain
or otherwise illuminate the physical and chemical condi-
tions in the early solar system, in the hope of learning more
about the processes that led to the formation of our plan-
etary system. As will be seen in the chapter by Kenyon et
al., the size distribution of the TNO population holds clues
to the process of giant-planet and small-body formation and
the collisional evolution of the latter.

Large bodies are most likely immune to collisional dis-
ruption over the age of the solar system in the current Kui-

per belt environment (Farinella and Davis, 1996), and their
size distribution is therefore directly linked to the accre-
tion processes. Even in the denser collisional environment
of the early solar system, these bodies must have been safe,
as the mass depletion of the belt must have resulted from
dynamical erosion rather than collisional erosion (Petit and
Mousis, 2004; Morbidelli and Brown, 2004). Smaller than
50–100 km in diameter, the TNOs should have suffered
strong collisional evolution, and their current size distribu-
tion is connected to their physical properties and collisional
environment (Davis and Farinella, 1997).

2. HISTORICAL REVIEW

The long history of asteroid observations designed to
explore the asteroid main-belt size distribution in order to
study collisional physics extends naturally to the Kuiper
belt. Even after more than a decade of Kuiper belt explo-
ration, the value of the fundamental property of the belt’s
mass still varies in the literature. The asteroid belt’s size
distribution is decently approximated by power laws over
certain diameter ranges. Assuming this also holds for the
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Kuiper belt, astronomers have tried to estimate the mass in
objects of a given (observable) size, then use the slope of
the apparent magnitude distribution to estimate the slope
of the diameter distribution and finally estimate the Kuiper
belt mass by integrating the power law from the reference
point to upper and lower limits.

Firm determination of a reference object size requires
either resolving objects in the optical (thus directly meas-
uring diameter) or obtaining both optical and thermal in-
frared observations to use thermal modeling to estimate a
diameter. Only three of the largest TNOs (Pluto, Quaoar,
and Eris, formerly 2003 UB313) have been resolved, all
using the Hubble Space Telescope (HST) (Albrecht et al.,
1994; Brown and Trujillo, 2004, 2006); the diameter esti-
mates for Eris thus obtained are still only accurate at the
5% level. Pluto and Eris are shown to have albedos more
than an order of magnitude larger than the value of 4% often
used in the literature. The promising avenue of detection
of the thermal IR flux from large TNOs has yielded mixed
results, as several of the known large TNOs have not been
detected by the Spitzer Space Telescope (see chapter by
Stansberry et al.), presumably also because most TNOs have
albedos far above the 4% figure. Only the most nearby (and
thus warmest) large TNOs have yielded diameter estimates
from their IR emission.

That determining the size distribution was necessary for
measuring the Kuiper Belt mass was recognized at the time
of the discovery of 1992 QB1 (Jewitt and Luu, 1993). With
additional discoveries, the measurement of the so-called lu-
minosity function, or LF, has become an important goal of
observational Kuiper belt surveys. The LF simply gives ei-
ther the cumulative or incremental number of TNOs brighter
than a given apparent magnitude; it is often given relative
to a surveyed area of 1 deg2. The usual functional form used
is an exponential for the cumulative LF like

Σ(m) = 10α(m – mo) (1)

with α being the slope and mo the magnitude at which one
would expect to have 1 object per deg2 of sky. Conversion
of the LF to a size distribution requires certain assumptions
(discussed below), which can lead to a power law. But even
the measurement of the apparent magnitude distribution
requires careful analysis of sky surveys.

Determining the slope of the apparent magnitude distri-
bution requires a reasonable number of TNOs to be discov-
ered in a survey of known area and known sensitivity. In
order to be of any use for further modeling and/or compari-
son with other works, the surveys need to publish their areal
coverage, the TNO magnitudes (with errors), and (very im-
portantly) the characterization of their detection efficiency
as a function of magnitude (at least; giving it as a function
of other observing parameters like the rate of motion can
be very useful too) for each portion of their discovery fields.
Actually, the publication of the full information necessary
for the reader to be able to redo the work is mandatory in a
scientific publication. Otherwise, we are no longer using a
scientific approach, but are merely relying on faith.

In the following we list the works that explicitly ad-
dressed the question of LF determination. We separate the
surveys between those that satisfied the above requirements
(Table 1) and those that did not (Table 2). In the first cat-
egory, we have the work by Jewitt and Luu (1995), Irwin
et al. (1995), Jewitt et al. (1998), Gladman et al. (1998,
2001), Chiang and Brown (1999), Trujillo et al. (2001a,b),
Bernstein et al. (2004), Petit et al. (2006), and Fraser et al.
(personal communication, 2007), whose main characteris-
tics are summarized in Table 1. We divided them into two
categories: surveys in which the objects are visible on each
individual frames (wide-area surveys), and surveys in which
several images were stacked together after shifting to reveal
the objects (small-area deep surveys).

For the sake of completeness, we also list the surveys
that addressed the LF determination, but did not meet the
above requirements: Jewitt et al. (1996), Luu and Jewitt
(1998), Sheppard et al. (2000), Larsen et al. (2001), and
Elliot et al. (2005). The first two works did not publish their
efficiency function, while the last three only sparsely sam-
pled the efficiency function on a few frames and/or did not
provide the information necessary to match efficiency func-
tions to specific sky coverage. Table 2 gives the character-
istics of this second set of surveys.

Other KBO surveys have been performed over the years,
but were intended to simply find objects, and/or determine
dynamical information, not LF, and are thus not described
in this chapter. However, the most important ones, which
were used as constraints in the works presented here, are
Tombaugh (1961) (T61), Luu and Jewitt (1988) (LJ88),
Kowal (1989) (K89), Levison and Duncan (1990) (LD90),
and Cochran et al. (1995) (C95). T61 and K89 were photo-
graphic plate surveys, LJ88 and LD90 were groundbased
CCD surveys, and C95 was a space-based, HST survey.

2.1. Wide-Area Surveys of Transneptunian Objects

Large-scale surveys typically cover from several square
degrees (deg2) up to a few thousand, reaching a limiting
mR magnitude of 24 or brighter. The goal is to detect a large
number of objects in each of a small number of CCD im-
ages taken of the same sky region at 1- to 24-h spacing.
They generally use detections on single images and search
for objects whose measured position changes from frame
to frame at rates consistent with outer solar system targets.
The relatively bright targets detected are then suitable for
tracking over the several-year baseline needed to determine
an orbit; however, under certain assumptions, knowledge
of the orbit is not required to determine the LF. Such sur-
vey can essentially provide an estimate of the “zeropoint”
(at which magnitude mo there is one object per deg2 brighter
than mo) and the slope.

A major potential complication of such an approach is
that there are good reasons to expect that the on-sky surface
density will vary with ecliptic latitude and longitude. A
change in mo (to fainter magnitude) is expected as one de-
parts from the plane of the solar system as the spatial den-
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TABLE 1. List of past characterized luminosity function (LF) surveys.

Reference Abbrev. Ω* (deg2) N† ηmax
‡ m50

§ R.A.¶ (2000) l** (deg) Comments

Wide-Area Surveys
Jewitt and Luu (1995) JL95 1.2 7 1. 24.8 21:30–01:10 0–5 Fall

10:00–15:10 0–5 Spring
Irwin et al. (1995) ITZ95 0.7 2 1. 23.5 — 0–10
Jewitt et al. (1998) JLT98 51.5 13 0.91 22.5 23:50–02:10 0–5 Oct. 1996

07:30–10:40 0–5 Feb. 1997
Trujillo et al. (2001a) TJL01 73 86 0.83 23.7 08:00–14:00 –10, 0, 10 1999

21:20–01:00 0, 20 Mar. 2000
Trujillo et al. (2001b) T01 164 4 0.85 21.1 22:18–01:25 0–12

09:00–12:05 0–5
Petit et al. (2006) P06 5.97 39 0.90 24.6 21:08–21:17 0–1.9 Uranus

5.88 26 0.90 24.2 20:17–20:26 0–1.7 Neptune

Deep Surveys
Gladman et al. (1998) G98 0.25 2 1. 24.6 11:50 0 CFHT/8K

0.175 3 1. 25.6 23:00, 00:10 0, 4.5 5-m Hale
Chiang and Brown (1999) CB99 0.009 2 1. 27.0 22:55 0.5
Gladman et al. (2001) G01 0.27 17 1. 25.9 09:32 2.6 CFHT/12K

0.012 0 1. 26.7 19:24 1.0 VLT/FORS1
Bernstein et al. (2004) B04 0.019 3 1. 28.7 14:08 1.5
Fraser et al. (2007) F07 0.64 6 0.96 25.4 21:40 –0.7 CFHT/12K

0.85 19 0.97 25.7 22:24 –0.8 MEGAPrime
0.76 14 0.92 25.4 20:39 1.3 CTIO/Blanco

  *Actual search area of the survey.
   † Number of TNOs used for LF determination in that work.
 ‡  Maximum efficiency of the survey.
 § R magnitude at which efficiency drops to 50% of its maximum value.

   ¶ Range of right ascension.
 ** Range of ecliptic latitude.

TABLE 2. List of past luminosity function (LF) surveys (not meeting our requirements).

Reference Abbrev. Ω* (deg2) N† ηmax
‡ m50

§ R.A.¶ (2000) l** (deg) Comments

Jewitt et al. (1996) JLC96 4.4 3 — 23.2 12:15–16:00 0–20 CTIO 1.5-m
3.9 12 — 24.2 08:30–00:40 0–5 UH 2.2-m

Jewitt and Luu (1998) JL98 0.28 5 — 26.1 — — Keck wide
0.028 1 — 26.6 — — Keck deep

Sheppard et al. (2000) S00 1428 0 0.92 18.8 07:00–12:00 0–20 0.5-m APT
Larsen et al. (2001) L01 550.1†† 8 0.97 21.5 00:00–24:00‡‡ 0–5 SpaceWatch
Elliot et al. (2005) E05 ~500§§ 512¶¶ 0.96§§ 22.0§§ 00:00–24:00†† 0–5

  *Actual search area of the survey.
   † Number of TNOs used for LF determination in that work.
 ‡  Maximum efficiency of the survey.
 § R magnitude at which efficiency drops to 50% of its maximum value.

   ¶ Range of right ascension.
 ** Range of ecliptic latitude.
 †† Effective area on the ecliptic, correcting for density decrease at large ecliptic latitudes; see L01 for details.
 ‡‡ Regions close to the galactic plane were not included in this survey.
 §§ Values estimated from Fig. 15 of E05; magnitude refers to the V–R filter.
 ¶¶ TNOs only, no Centaurs or objects closer than 30 AU.

sity of the thin belt drops off. Since most surveys have been
near the ecliptic plane, this effect might be thought to be
small (but see below). Similarly, the existence of resonant
populations means that not all longitudes are equal in a flux-
limited survey. Certain longitudes relative to Neptune (which

dominates the resonant structure) are the preferred pericenter
locations of each mean-motion resonance; e.g., longitudes
90° ahead of and behind Neptune are the preferred pericen-
ter locations for the 3:2 mean-motion resonance (Malhotra,
1996; Chiang and Jordan, 2002). Thus, surveys directed at
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these locations will discover more TNOs, since the much
more abundant small objects from the size distribution be-
come plentiful in the survey volume. Therefore, the interpre-
tation of large-area surveys is very complex.

2.2. Deep Small-Area Surveys of
Transneptunian Objects

Deep surveys cover only a fraction of a square degree
of sky, and reach an R magnitude fainter than 24.5. They
combine a large number of frames of a confined region of
sky, shifting them according to the typical rate of motion of
TNOs in the sky in order to discover objects with low sig-
nal-to-noise in a given frame. In the combined image, the
signal from objects at the assumed rate and sky direction
adds constructively to give detectable signal with a confined
PSF, while stars and other fixed objects will trail. This tech-
nique is often called pencil-beam, analogous to extragalactic
studies, since it is capable of probing to objects at great
distance.

2.3. Size Distribution Determination

Two methods have been used through the years to de-
termine the size distribution. The first relies on determin-
ing the LF, which is certainly more directly accessible and
requires little, if any, modeling. The second was a direct
modeling of size distribution and comparison with observa-
tions. Three of the works mentioned above restricted them-
selves to LF determination (ITZ95, G98, B04) only.

ITZ95 first assumed a differential power-law size distri-
bution

n(r) ∝ r–q (2)

and fixed albedo and showed that the absolute magnitude
distribution would follow a form given by equation (1).
Next, with proper assumptions (not explicitly given, but hint-
ing at a power-law dependence) on the heliocentric distance
dependence of the number density of TNOs, they linked it
to an exponential LF. The correspondence between the in-
dices of these functional forms is

α = (q – 1)/5 (3)

After this, they determined the LF of apparent magnitude,
and converted it into an absolute magnitude LF for the pur-
pose of comparison with previous works and other popula-
tions. No further mention was made of the size distribution.

G01 showed that a simple assumption of power-law be-
havior of the distance distribution of the object is sufficient
to derive equation (3). In this way, the increment in number
of objects when reaching 1 mag fainter is independent of
the distance considered in a flux-limited survey. This holds
as long as the survey is not wide enough that it samples the
size where there is only one object, nor deep enough that it
reaches small enough objects for which one would expect
to have a different index in equation (2) (see below). This
direct connection between luminosity and size distribution

provides a tangible connection between the observation and
physical property being sought and at only the cost that the
LF must be a uniform single exponential.

CB99, G01, P06, and F07 used this relation to give a
size distribution mostly for comparison purposes or as a
mean of deriving other quantities of interest such as the
mass of the belt. CB99 also estimated the number of 1–10-
km-sized comet progenitors in the Kuiper belt and found
it compatible with the estimate from Levison and Duncan
(1997) to supply the rate of Jupiter-family comets.

JL95 estimated the size distribution using a Monte Carlo
simulation of their survey. For this, they used a very simple
model for the Kuiper belt, assuming power-law size and
heliocentric distributions and estimated a limiting value on
q from comparing a graph of the expected detection to the
actual ones. JLT98 further refined this method to determine
the LF of their survey, either alone or together with previous
ones, in parallel. For the size distribution determination,
they used a two-population model, with classical KBOs
(CKBOs) and Plutinos (bodies in the 3:2 mean-motion reso-
nance with Neptune). According to a rough description of
their survey, they selected the objects from the model that
would have been observed. The intrinsic population of Plu-
tinos was adjusted to reproduce the apparent fraction of Plu-
tinos in their survey (=35%). Finally, they compared the
binned differential LF to the observed one. As expected,
their best-fit index of the size distribution was roughly re-
lated to the LF slope by the relation derived by ITZ95. This
work was extended to larger surveys by JLT01 and T01.

2.4. Mass of the Belt, Distant Belt,
Largest Body, etc.

In many cases, the size distribution was only a step to-
ward determining other quantities of interest like the mass
of the belt, the existence of an outer edge, or the largest body
one should find. However, these generally require some
extra assumption to be derived. For example, as showed by
G01, estimating the mass of the belt requires knowledge
of the radial extent of the belt and the size at which the size
distribution becomes shallower (see below). JLT98 deter-
mined the mass of the belt from bodies larger than 50 km
in radius between 30 and 50 AU, excluding the scattered
TNOs, to be ~0.1 M . Interestingly, TJL01, using the same
parameters and size-distribution slope, found the mass of
the belt to be ~0.06 M . T01 estimated that the mass due
to bodies larger than 500 km is ~1/5 of the previous value.
CB99 determined the mass of the belt inside 48 AU, from
bodies brighter than mR = 27, to be ~0.2 M . S00 did the
same for Centaurs larger than 50 km and found a mass of
~10–4 M . G01 gave the mass of the belt as a function of
the mass at which q becomes smaller than 4 and quote a
value of ~0.1 M . Selecting a smaller population of TNOs,
namely the classical Kuiper belt with inclination i < 5°, B04
gave a smaller mass of ~0.01 M .

The size distribution was also used to estimate the frac-
tion of objects that one should detect further out than 50 AU.
But this again requires some assumptions on the plausible
distance distribution. G98 found that the lack of detection
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of distant objects in their survey was to be expected, inde-
pendent of the presence of an edge of the Kuiper belt. Later
works (G01, TJL01, and B04) showed, however, that the
lack of detections at large distances was consistent with an
edge of the large-body belt, only allowing a significance
mass in bodies smaller than ~40 km outside 50 AU. G01,
however, raised the problem of the lack of detection of
scattered disk objects, which are known to be present in that
region.

P06 used equation (3) to assess the reality of the deple-
tion of distant objects from their LF with the Trujillo and
Brown (2001) method.

3. SIZE DISTRIBUTION VERSUS (APPARENT)
MAGNITUDE DISTRIBUTION

As mentioned before, we are interested in the size distri-
bution of this small-body population rather than just the LF.
The LF is simply an initial proxy to the size distribution.

3.1. Converting from Magnitude to Size

We first review the different factors that connect the size
of an object to its apparent (or measured) magnitude. The
apparent magnitude of a TNO can be represented as

m = mO – 2.5 log
νr2φ(γ)f(t)

2.25 × 1016R2Δ2
(4)

where m  is the apparent magnitude of the Sun in the filter
used for observations [–26.92 in the AB system, for Bessel
R or KPNO R filter, www.ucolick.org/cnaw/sun.html, from
Bruzual and Charlot (2003) and Fukugita et al. (1995)]; ν
the geometric albedo in the same filter; r the radius of the
object (expressed in km); γ the phase angle, i.e., the angle
Sun-object-observer; φ(γ) the phase function (equal to 1 for
γ = 0);  f(t) the rotational lightcurve function; and R and Δ
are the heliocentric and geocentric distances (expressed in
AU). R, Δ, and γ depend only on the geometry of the ob-
servation and are due to the orbits of the object and Earth
around the Sun. ν, r, φ(γ), and f(t) depend on the physical
and chemical properties of the object itself.

f(t) is typically a periodic function of time with a rather
short period (few hours to few tens of hours) and moderate
amplitude variations (for large TNOs) with mean value of
1. For asteroids, the amplitude tends to be larger for smaller
objects presumably due to greater relative departure from
sphericity. For TNOs, the trend will probably be the same,
although with possible large departures from the general
trend (for example, 2003 EL61 has a lightcurve amplitude
of 0.3, while some smaller objects have no lightcurve). Ac-
cording to Lacerda and Luu (2006), 30% of the objects have
a lightcurve amplitude Δm ≥ 0.15 and 10% with amplitude
Δm ≥ 0.4. So the typical lightcurve amplitude is on the or-
der of the uncertainty on magnitude estimates of the corre-
sponding TNOs for large-area surveys. The lightcurve is due
to the rotation of the object and either or both an elongated
shape and surface features and albedo variations. φ(γ) is a

function of the physical and chemical properties of the sur-
face of the TNO. It often manifests itself by an opposition
surge, i.e., a nonlinear increase in surface brightness that
occurs as the phase angle decreases to zero. Two causes to
give rise to the opposition effect are usually considered:
(1) shadow-hiding and (2) interference-enhancement, often
called coherent-backscatter. Some general regolith property-
dependent characteristics of each mechanism are understood,
and some papers are devoted to a discussion on the relative
contribution of both mechanisms (Drossart, 1993; Helfen-
stein et al., 1997; Hapke et al., 1998; Shkuratov and Helfen-
stein, 2001). The width and amplitude of the opposition
surge depends on the dominant mechanism, shadow-hiding
giving a narrower and brighter opposition surge. One can
check for the effect of coherent backscatter and/or shadow-
hiding by studying the influence of wavelength dependence
on the opposition brightening.

To determine the size distribution from the reflected light
from the source we must first remove the geometrical ef-
fects. One first computes the absolute magnitude: the ap-
parent magnitude the object would have at a heliocentric
and geocentric distances of 1 AU, neglecting phase correc-
tions and assuming the object is visible only by reflected
sunlight. The absolute magnitude (Bowell et al., 1989) cor-
responds to Δ = R = 1, γ = 0, i.e., φ(γ) = 1, and averaging
over one rotational period

H = 〈m〉 + 2.5 log
φ(γ)

R2Δ2

νr2

2.25 × 1016
= mO – 2.5 log

(5)

The heliocentric and geocentric distances are easily deter-
mined with an accuracy of about 10% at discovery, even
with an arc of just 1 day. With a few follow-up observations
at 2 months, 1 year and 2 years after discovery, the distance
can be estimated with a precission of 1% (2-month arc) or
less than 0.1% (1-year arc or more). The uncertainty regard-
ing the distance gives an error of 0.4 mag on HR at dis-
covery time, which is then easily reduced by a factor of 10
or 100.

Accounting for the rotational lightcurve and the phase
effect requires many more observations. The object must
be observed during one or more full rotational periods, at a
given phase angle, to determine the rotationally averaged
magnitude at that phase angle 〈m〉. Although a few bright
objects have had their rotational periods determined in this
way, such observations are impractical for large-scale sur-
veys and for objects at the limit of detection of these sur-
veys. Hence this effect is often omitted altogether, or mod-
eled with a simple fixed-amplitude periodic function.

The next phenomenon to account for is the phase effect.
We need to know the variation of φ(γ) between zero phase
angle and the actual observation angle. Modeling this varia-
tion is still in its infancy, and one usually resorts to empirical
formulae that were developed for asteroids [H–G formal-
ism from Bowell et al. (1989)], or simple linear approxima-
tions (Shaefer and Rabinowitz, 2002; Sheppard and Jewitt,
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2002), both of which fail to reproduce the strong and nar-
row opposition surge at very small phase angle that has been
detected for several TNOs and Centaurs (Rousselot et al.,
2006). Linear and H–G formalisms tend to underestimate
the magnitude at zero phase angle by up to 0.1–0.2 mag.

The last parameter needed is the geometric albedo of
the object. The only model-independent method to deter-
mine the albedo is to actually directly measure the size and
brightness of the object. Since this is not possible, the next
best thing to do is to try and measure the brightness of the
object both in the visible and in the thermal infrared, and
use some thermal modeling of the object. Knowing the vis-
ual band brightness and distance of the object gives a one-
parameter family of solutions for the size, parameterized by
the albedo. The thermal infrared flux gives another, inde-
pendent, family of solutions. The intersection of the two
families gives an estimate of the size and the albedo. The
resulting estimate is only as good as the thermal model used
to derive it. The uncertainty is at least a factor of 2 in surface
area if pole position is unknown (pole-on vs. equatorial)
(see chapter by Stansberry et al.). Even measuring the ther-
mal flux, however, is very difficult and possible only for the
biggest objects, requiring the use of the largest and most
sensitive instruments available. Hence several of the biggest
objects have been assigned different size and albedo from
groundbased observations and from Spitzer [1999 TC36
(Altenhoff et al., 2004; Stansberry et al., 2006); 2002 AW197
(Cruikshank et al., 2005)].

Because of all these difficulties, not all authors have
dared to convert from apparent magnitude distributions to
size distributions and those who do must use many assump-
tions and simplifications. For example, in all the works pre-
sented before, the rotational lightcurve has been completely
neglected. This can be partly justified as the largest num-
ber of objects detected in a given survey is usually close to
the limiting magnitude of that survey’s detection. In fact,
half of the objects are generally within the 0.5–1 mag at the
faint end of the survey. For these faint objects, the uncer-
tainty of the magnitude measurement is on the order of or
even larger than the expected amplitude of the rotational
lightcurve (Lacerda and Luu, 2006). Note, however, that
this can introduce a bias if the large-amplitude objects are
detected only at their brightest rotation phase.

3.2. The Limits of Power-Law Distributions

All the previous works have used exponential functions
for their LF and power-law functions for their size distri-
butions. Classically, scientists look for scale-free, self-simi-
lar functions to represent physical phenomena that do not
have an obvious scale. This is particularly true when those
phenomena extend over several decades of the governing
parameter, such as the size or mass of a small body, dis-
tances, or stellar masses. Another driver in choosing the
functional representation in modeling is the need to com-
bine functions from different parts of the models while still

having an easy-to-use function. Both power-law and expo-
nential functions satisfy this requirement of keeping the
same form when combined. Finally, in several instances in
astrophysics, plotting data on double logarithmic graphs re-
sults in aligned points. One is then tempted to represent such
data as a straight line, yielding a power-law function in the
original variables.

In the case of the size distribution of small bodies, the
work of Dohnanyi (1969) has been responsible for the wide-
spread use of power-law distributions. Dohnanyi has shown
that under very strong assumptions regarding the effects of
hypervelocity collisions [the main assumption, that the col-
lisional process is scale-independent, has been proven to be
wrong, i.e., Benz and Asphaug (1999)], a quasi-steady-state
distribution is reached. The final distribution is the product
of a slowly decreasing function of time and a power-law
of index 11/6 for the differential mass distribution [n(M) ∝
M–11/6, M being the mass of the asteroid], corresponding
to an index q = 3(11/6) – 2 = 7/2 for the differential size
distribution. The resulting “equilibrium power-law slope” is
mostly due to the adoption of a power-law functional form
to model the outcomes of hypervelocity collision (Gault et
al., 1963). Since the size of fragments in fragmentation ex-
periments span several orders of magnitudes, one tends to
show the logarithm of the number of fragments vs. the loga-
rithm of their size. Fragmentation processes being random
in nature, this is usually a rather scattered plot, with some
kind of trend in it (see, e.g., Giblin et al., 1994, 1998; Ryan
et al., 1999). Using a power law here is a very rough ap-
proximation.

Likewise, the observed LF of the asteroid belt show
a wave-like structure superposed over an approximately
power-law trend. Although the general trend of the size dis-
tribution of fragments and the LF of the asteroid belt can
be roughly approximated by a power law and an exponen-
tial, the details may depart noticeably from these models.

At the small end of the size spectrum, a problem arises
depending on the value of the index q. The mass of objects
with size in the range rmin < r < rmax is

M(rmin, rmax) = n(r)M(r)dr

r3 – qdr

rmin

rmax

rmin

rmax

=

=

∫
∫4πρvA

3

4πρvA
rmax3(4 – q)

4 – q rmin
4 – q−

(6)

where A is the normalizing constant of the differential size
distribution, M(r) the mass of an object of radius r, and ρv
its volume density, q ≠ 4. When q > 4, the total mass di-
verges at small sizes (G01). Most of the surveys presented
above have found that q is on the order of, but likely larger
than, 4, hence there clearly needs to be a limit to the power-
law size distribution at some small size rk beyond which a
lower size index is required. This change in q was proposed
as soon as the surveys suggested a rather large value of q,
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since astronomers expected to have q = 3.5 at small sizes,
where they assumed a collisional equilibrium would have
been reached.

As the B04 survey began to reach very faint objects, they
started to see a departure from the uniform exponential LF,
which they attributed to the expected change in size distri-
bution shape. They first modeled this change using a rolling
exponential

Σ(m) = Σ2310α(m – 23) + α'(m – 23)2 (7)

with Σ23 being the sky density of objects at magnitude 23.
They also investigated a double exponential fit, as the har-
monic mean of two exponentials

Σ(m)  = (1 + c)Σ23[10–α1(m – 23) + c10–α2(m – 23)]–1 (8)

c ≡ 10(α2 – α1)(meq – 23) (9)

The asymptotic behavior is an exponential of indices α1 at
one end of the size spectrum and α2 at the other end, with
the two exponentials contributing equally at meq.

Equation (3) was widely used in all those works, but
relied on a constant albedo for all objects. JLT98 noticed
that there seems to be a variation of albedo with size, rang-
ing from 0.04 for the small bodies to 0.13 for 2060 Chiron
to 0.6 for Pluto. Regardless, they used a fixed albedo in their
derivation of the size distribution. F07 explore the effect of
a varying albedo on equation (3) by examining the effect
of a power-law albedo ν ∝ r–β as a toy model (here again, a
power law is used for computational conveniency). Equa-
tion (3) then becomes

q = 5(α – β/2) + 1 (10)

The albedo of Pluto is 0.6 for a size of r ~ 1000 km (Albrecht
et al., 1994), while smaller objects (r ~ 100 km or smaller)
seems to be ν ~ 0.06 with large fluctuations (Grundy et al.,
2005; chapter by Stansberry et al.), implying β < 0, possi-
bly down to β ~ –1. From Figure 3 of the chapter by Stans-
berry et al., the situation can be even more complex, with
an albedo almost independent of size for diameters smaller
than 200–300 km, and a very steep rise of the albedo for
objects larger than 1000 km. In any case, an estimate of q
that assumes β = 0 potentially underestimates the steepness
of the size distribution by up to 1 or 2.

4. HOW TO BEST ESTIMATE THE
POPULATION CHARACTERISTICS OF

TRANSNEPTUNIAN OBJECTS

A survey may be characterized by the angular region
surveyed, the survey efficiency function, and, for each de-
tected object, an estimate of its apparent magnitude and
uncertainty. We want to use these data to infer properties
of the TNO population as a whole. Most directly, we may

seek to estimate the LF. Less directly, but of more direct
physical interest, we may seek to estimate the size distri-
bution of TNOs, or the distribution of orbital elements.

To infer properties of the TNO population using data
from multiple surveys is nontrivial for several reasons. For
a particular survey, the analysis must account for selection
effects (which cause some parts of the population to be
over- or underrepresented in the sample with respect to
others) and measurement error (which distorts the magni-
tude distribution shape as objects “scatter” in magnitude).
To combine surveys, the analysis must consider systematic
differences between surveys (e.g., due to use of different
bandpasses). These complications cannot be removed in a
model-independent way; there is no such thing as a unique
“debiased” survey summary. The nature and amount of the
distortions depends on the true population distribution, so
biases cannot be accounted for without making assumptions
about the distribution. The analyst must make some mod-
eling assumptions, explicitly or implicitly, and account for
the distortions in tuning the model.

These challenges are hardly unique to TNO studies. They
arise and have received significant attention in analyses of
the magnitude or flux distributions of stars, optical and radio
galaxies, X-ray sources, γ-ray bursts, and AGN, to name a
few notable examples (Loredo and Wasserman, 1995; Drell
et al., 2000; Loredo and Lamb, 2002). Similar challenges
are widely and deeply studied in the statistics literature, in
the field of survey sampling. In each discipline, early analy-
ses rely on intuitively appealing but fundamentally flawed
methods such as least-squares analysis of binned or cumu-
lative counts (possibly weighted) or adjusted sample mo-
ments. As sample sizes grow, the need for greater care is
gradually recognized, and methodology matures. In all the
fields mentioned, attention has gradually converged on like-
lihood-based methods (at least for analysis with paramet-
ric models).

The basic idea behind likelihood-based methods is that
hypotheses that make the observed data more probable
should be preferred. Thus the central quantity of interest is
the likelihood function, the probability for the observed
data, considered as a function of the hypotheses under con-
sideration.

We need to use the likelihood function to quantify our
uncertainty about the hypotheses, and there are rival ap-
proaches for creating confidence statements about hypoth-
eses using the likelihood function. Perhaps the best-known
approach, in the case of parameter estimation (where the
hypotheses are indexed by values of continuous parame-
ters), is to draw likelihood contours at levels chosen to givea
desired frequency of coverage of the true parameter values
(“confidence level”) in repeated sampling. Unfortunately, ex-
cept in simple settings, accurate coverage can only be guar-
anteed asymptotically (i.e., in the limit of large sample size),
a significant drawback when surveys may have few or even
no detected TNOs. In addition, accounting for measurement
error within this “frequentist” framework is problematic and
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a topic of current research in statistics; the best-developed
solutions are also only asymptotically valid. Finally, we
often need to summarize the implications of the data for a
subset of the parameters (e.g., for the slope of the LF, or
the location of a break or cutoff). Properly accounting for
the uncertainty in the uninteresting “nuisance parameters”
in such summaries remains an open problem in frequentist
statistics despite decades of study.

These are some of the reasons recent works have adopted
a Bayesian approach for TNO population inference. In this
approach, one calculates a posterior probability density for
the parameters, interpreted more abstractly as indicating the
degree to which the data and model assumptions imply that
the true parameter values lie in various regions. Adopting
this more abstract goal for inference carries with it many
benefits. One can straightforwardly calculate probabilities
for parameter regions (now called “credible regions”) that
are accurate for any sample size. Measurement error is eas-
ily handled, and nuisance parameters are easily dealt with
(Gull, 1989). Furthermore, statisticians have shown that
parametric Bayesian procedures have good performance
when viewed as frequentist procedures, with asymptotic ac-
curacy as good as and sometimes superior to that of com-
mon frequentist procedures. A possible drawback is that the
posterior distribution is found by multiplying the likelihood
by a prior density for the parameters, expressing an initial
state of uncertainty (before considering the data). When data
are sparse, one’s conclusions can depend on the prior, al-
though the dependence is explicit and can be used to quanti-
tatively probe the degree to which the data are informative.
A more challenging drawback is the absence of straight-
forward “goodness-of-fit” (GoF) tests in the Bayesian ap-
proach. See Sivia and Skilling (2006) for a tutorial on Bayes-
ian methods.

ITZ95 first introduced likelihood methods for TNO pop-
ulation studies. They adopted a frequentist approach, and
did not consider complications due to measurement error or
detection efficiency. Several works in the last decade (G98,
G01, B04, P06, F07) adopted the Bayesian approach, but
have not presented the full correct details in the TNO lit-
erature. We derive the posterior distribution based on TNO
survey data in three steps. First, we use the Poisson distri-
bution and the product rule from probability theory to con-
struct the likelihood function for an idealized survey report-
ing precise magnitude measurements above some hard
threshold. Next, we use the law of total probability to mod-
ify the likelihood to account for measurement error. Finally,
we use Bayes’s theorem to get the posterior from the like-
lihood and a prior. We focus here on inferring the LF; in
principle it is straightforward to generalize such an analy-
sis to other TNO population descriptions, e.g., to explicitly
model the size distribution, or, more ambitiously, the dis-
tribution of sizes and orbital elements. In practice, existing
surveys are not sufficiently well characterized to permit ac-
curate calculation of the resulting likelihoods. Thus we are
presently reduced to inferring the size distribution indirectly
via LF estimation, and to inferring orbital element distri-

butions approximately via simple scatter plots and histo-
grams. Future large surveys should ameliorate these issues
and allow more careful inferences; we will describe the
generalized methodology in future work.

We consider a Poisson point process model M of the LF
with parameters P, specified by the differential magnitude
distribution, σ(m), defined so that σ(m)dmdΩ is the prob-
ability for there being a TNO of magnitude in [m,m + dm]
in a small patch of the sky of solid angle dΩ [so Σ(m) is its
integral]. For simplicity we assume no direction dependence
in the surveyed patch. For idealized data, we imagine the
mi values spread out on the magnitude axis. We divide the
axis into empty intervals indexed by ε with sizes Δε, be-
tween small intervals of size δm containing the N detected
values mi. The expected number of TNOs in empty interval
ε for a suvery covering solid angle Ω is

µe = Ω dmσ(m)
Δε
∫ (11)

The expected number in the interval δm associated with
detected TNO i is µi = Ωδmσ(m), where we take δm small
enough so the integral over δm is well approximated by this
product. The probability for seeing no TNOs in empty in-
terval ε is the Poisson probability for no events when µε are
expected, given by e–µε. The probability for seeing a TNO
of magnitude mi in δm is the Poisson probability for one
event when µi are expected, given by µie–µi. Multiplying
these probabilities gives the likelihood for the parameters,
P, of model M, specifying σ(m). The expected values in the
exponents sum to give the integral of σ(m) over all accessi-
ble m values, so the likelihood can be written

L(P) = (Ωδm)N exp –Ω dmΘ(mth – m)σ(m)

σ(mi)
i

N

×∫
∏
= 1

(12)

where Θ(mth – m) is a Heaviside function restricting the in-
tegral to m values smaller than the threshold, mth. The factor
in front is a constant that will drop out of Bayes’ theorem
and can henceforth be ignored.

Now we consider actual survey data, which differs from
idealized data in two ways: the presence of a survey effi-
ciency rather than a sharp threshold, and the presence of
magnitude uncertainties. We immediately run into difficulty
with a point process model because we cannot make the
previous construction, since we do not know the precise
values of the TNO magnitudes. To cope with this, we make
use of the law of total probability, which states that to calcu-
late a desired probability p(A|I), we may introduce a set of
auxiliary propositions {Bi} that are independent and exhaus-
tive (so Σip(Bi|I) = 1). Then

p(A|I) = p(A,Bi|I) = p(Bi|I)p(A|Bi,I)
i
∑

i
∑ (13)
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Here we will take A to be the data, and Bi to specify the
unknown true magnitudes for the detected TNOs.

To facilitate the calculation, we need to introduce some
notation. When occurring as an argument in a probability,
let mi denote the proposition that there is a TNO of magni-
tude mi in an interval δm at mi. We divide the data, D, into
two parts: the data from the detected objects, {di}, and the
proposition, N, asserting that no other objects were de-
tected. Then, using the law of total probability and the prod-
uct rule, the likelihood can be written

L(P) = p(D|P,M)

p({di}|{mi},N,P,M)

{dmi}p({mi},N |P,M) ×= ∫ (14)

The first factor in the integrand can be calculated using
a construction similar to that used for the idealized likeli-
hood above, with one important difference: The presence
of the N proposition means that we cannot assume that no
TNO is present in a Δε interval, but rather that no TNO was
detected. Thus these probabilities are Poisson probabilities
for no events when µε are expected, with

µε = Ω dmη(m)σ(m)∫ (15)

the detectable number of TNOs in the interval, not the to-
tal number. Thus the first factor in the integrand in equa-
tion (14) resembles the righthand side of equation (12), but
with η(m) replacing the Heaviside function in the integral
in the exponent.

The second factor in the integrand in equation (14) is the
probability for the data from the detected objects, given their
magnitudes. If we know the magnitude for a particular
source, we can easily calculate the probability for its de-
tection data (independent of the value of other data, or of
the LF model parameters). So this probability factors as a
product of factors p(di|mi), the probability for the data di
from TNO i presuming it has magnitude mi. We call this
the source likelihood function, i(mi) ≡ p(di|mi). It will of-
ten be adequately summarized by a Gaussian function speci-
fied by the best-fit (maximum likelihood) magnitude for the
TNO and its uncertainty (more rigorously, if one is doing
photometry using some kind of χ2 method, it would be
proportional to exp (–χ2(mi)/2)). With this understanding,
we can now calculate equation (14) as

L(P) = exp –Ω dmη(m)σ(m) ×

dm�i(m)σ(m)
i

⎡
⎣⎢

⎤
⎦⎥∫

∫∏
(16)

where we have simplified the notation by dropping the in-
dices from the mi variables in the integrals, since they are
just integration variables for independent integrals. We can

easily evaluate these integrals using a Gauss-Hermite quad-
rature rule.

Finally, Bayes’ theorem indicates that the posterior den-
sity for the parameters is proportional to the product of the
likelihood and a prior density

p(P |D,M) =
C

p(P |M)L(P)
1

(17)

where C is a normalization constant equal to the integral
of the product of the prior, p(P |M), and the likelihood. As
a conventional expression of prior ignorance, we use flat
priors (uniform probability) for most parameters, and log-
flat priors [uniform probability for log(x) of parameter x,
or probability proportional to 1/x] for nonzero scale param-
eters [e.g., a multiplicative amplitude parameter for σ(m)
(Jeffreys, 1961)]. The Bayesian “answer” to the parameter
estimation problem is the full, multivariate posterior distri-
bution. But it is useful to summarize it. The posterior mode
(the value of P that maximizes the posterior) provides a
convenient “best-fit” summary. Credible regions are found
by integrating the posterior within contours of equal den-
sity; this can be done with simple quadrature rules in one
or two dimensions, or via Monte Carlo methods in higher
dimensions. Finally, to summarize implications for a sub-
set of the parameters (e.g., just the LF slope), we integrate
out (“marginalize”) the uninteresting parameters.

Two surprising aspects of the likelihood in equation (16)
are worth highlighting (for further discussion, see Loredo
and Lamb, 2002; Loredo, 2004). First is the absence of an
η(m) factor in the source integrals. Adding it produces in-
ferences that are significantly biased, as is readily shown
with simulation studies. To understand its absence, recall
that the definition of i(m) as p(di|m), the probability for
the data from a detected source. Separate di into two parts:
Di, which stands for “the raw data for candidate TNO i
indicate a detection,” and ni, which stands for all the data
we measured on that object (e.g., counts in pixels). Then

i(m) = p(Di,ni|m), which we may factor two ways

i(m) = p(ni|m)p(Di|ni,m) (18)

                             = p(Di|m)p(ni|Di,m) (19)

Now note that the detection criterion is a “yes/no” crite-
rion decided by the data values. Thus the second factor in
equation (18) — the probability that object i is detected,
given its raw data values — is unity (for detected objects).
The first factor summarizes the photometry, so i(m) is just
as described above. The second line gives an alternative ex-
pression, whose first factor is the probability for detecting
an object of magnitude m, i.e., η(m). But if we factor i(m)
this way, the second factor must be properly calculated. It
requires finding the probability for the raw data, given that
we know the data satisfy the detection criteria. This is not
the usual likelihood or χ2 photometry calculation; in fact,
one can show it corresponds to the photometry likelihood
function divided by η(m), thus canceling the first factor.
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The second surprise is the importance of the i(m) inte-
grals. Intuition may suggest that if uncertainties are small,
the integrals can be eliminated [the i(m) functions can be
approximated as δ functions at the best-fit magnitudes]. In-
tuition may also suggest that this should be especially valid
with large samples, i.e., that the uncertainties should “av-
erage out.” Statisticians have known for half a century that
such intuitions are invalid. Measurement error, if ignored,
not only biases estimates, but makes them formally incon-
sistent (estimates converge to incorrect values even for in-
finite sample size). One way to understand this is to real-
ize that, fundamentally, each new object brings with it a new
parameter (its m value) that the analyst must estimate (im-
plicitly or explicitly). The number of (latent) parameters in
the problem thus grows proportional to the sample size,
invalidating our intuition from fixed-parameter problems.
The surprising consequence is that it becomes more impor-
tant to properly account for measurement error as sample
size increases. Current TNO survey sizes appear to be right
on the border of where measurement error bias becomes im-
portant, so it is imperative that future analyses properly ac-
count for it.

So far we have discussed modeling a single survey. For
a group of surveys with consistent calibrations, surveying
nearby regions, the joint likelihood function based on all
data is just the product of the likelihoods from the individual
surveys. But in reality, calibration errors vary from survey
to survey, and different groups may use different bandpasses
requiring color-dependent photometric conversions to a
common bandpass, introducing systematic offsets. Also,
even when surveyed regions are small enough that the TNO
density is nearly constant across each region, the anisotropy
of the TNO density can lead to significant differences in the
amplitude of the LF accessible to each survey if the sur-
veyed regions are not all near to each other. These issues
were not accounted for in analyses prior to P06 and F07,
although CB99 noted the inconsistency of combining dif-
ferent surveys. P06 noticed that LF estimates from individ-
ual surveys had similar slopes but different amplitudes, so
they only used their own survey. F07 presents the first anal-
ysis of multiple surveys explicitly accounting for these com-
plications.

We can handle these complications quantitatively by
suitably expanding the model. Photometric zero-point off-
sets can be handled by introducing an offset parameter for
each survey, denoted ms for survey s. In the likelihood func-
tion for survey s, we replace σ(m) everywhere by σ(m –
ms). Without constraints on ms, the data may allow unreal-
istically large shifts, particularly for surveys with few or no
detections, so it is important to quantify the systematic er-
rors, and include this information in the analysis via a prior
for ms for each survey [e.g., via a Gaussian whose mean is
the estimated offset between the survey magnitude scale and
that adopted in the σ(m) model, and with standard devia-
tion reflecting calibration uncertainties]. This prior is essen-
tially the likelihood function for ms from analysis of auxil-
iary calibration data.

A natural way to parameterize anisotropy effects is to
introduce direction explicitly (indicated by the unit vector,
n) and write the anisotropic LF as σ(n,m) = Af(n)σ(m), the
product of an amplitude parameter, A, a direction depen-
dence f(n), and a normalized LF shape function, ρ(m) (with
∫dmρ(m) = 1). Hence we separate the LF parameters, P, into
shape parameters, S, that specify ρ(m), direction param-
eters, O, that specify f(n), and the amplitude. For most sur-
veys, anisotropy within the surveyed region will be negli-
gible. Denoting the centers of the surveyed regions by ns,
the likelihood for survey s can be approximated by substitut-
ing Af(ns)ρ(m) for σ(m). The direction parameters O then
enter the likelihood solely via f(ns). As a rough approxima-
tion, one could use the values of f(n) at the survey centers
directly as direction parameters. Equivalently, one can re-
place the product Af(ns) with a survey-dependent amplitude
parameter, As ≡ Af(ns). The apparent simplicity of this pa-
rameterization is somewhat illusory; e.g., one should some-
how enforce that the sky density falls away from the invari-
able plane. Thus it is probably best to introduce some simple
parameterization of f(n), provided enough surveys are avail-
able to allow meaningful estimates of the parameters.

For the LF model of equation (1), there is a possible
identifiability problem with these parameterizations: For a
single survey, m0 (which plays the role of A) and ms are
conflated. The ms priors thus play a crucial role, making
the amplitude and magnitude shift parameters identifiable.
A similar issue arises if we parameterize anisotropy via the
amplitude at the field center; this, too, is conflated with m0.
It is not clear how to handle this via priors, again arguing
for explicit parameterization of anisotropy.

Finally, we note that the normalization constant, C =
∫dPp(P|M)L(P), although playing a minor role in param-
eter estimation, plays a crucial role in comparison of rival
parameterized models, where it acts as the likelihood of the
model as a whole. This constant is called the marginal like-
lihood for the model. One of the main issues in LF deter-
mination is whether the TNO magnitude distribution has
curvature. A uniquely Bayesian way to address this is to
compare a flat (i.e., exponential) model for σ(m) with one
that has curvature (like the ones proposed by B04). We can
compare models by looking at the marginal likelihood ratio
in favor of one over the other, called the Bayes factor, B12 =
C1/C2, where C1 and C2 are the normalization constants for
the rival models (Wasserman, 1997; Sivia and Skilling, 2006).
These are the odds favoring model M1 over model M2 if
one were to consider the two models equally plausible a
priori. The convention for interpreting Bayes factors is that
values less than 3 or so do not indicate significant evidence
for the stronger model. Values from 3 to 20 indicate posi-
tive but not compelling evidence. Values over 20 or so (i.e.,
a probability >0.95 for the favored model) indicate strong
evidence. An appealing and important aspect of Bayesian
inference is that Bayes factors implement an automatic and
objective “Ockham’s razor” (Jefferys and Berger, 1992;
Gregory, 2005), penalizing more complex models for their
extra parameters. This happens because C is an average of
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the likelihood function. A more complex model may have a
larger maximum likelihood, but by having a larger param-
eter space to average over, its marginal likelihood can be
smaller than that of a simpler rival.

5. CURRENT SIZE DISTRIBUTION
ESTIMATES FROM DIFFERENT SURVEYS

A measure of the size distribution of the Kuiper belt is
a fundamental property that must be determined if we are
to understand the processes of planet formation. Given this
importance, a number of authors have provided estimates
of the size distribution, as derived from the LF. In this sec-
tion we discuss the differences between the results of these
different authors, in an attempt to provide a clearer picture
of the true distribution of material in the Kuiper belt. As a
visual aid, Fig. 1 presents the surface densities (or upper
limits in case of nondetection) provided by the surveys to
date. We also added a few of the proposed LF. Note that
this is given only from an illustrative point of view. One

should not use this kind of representation to derive the LF
(although this was used in earlier work, but no longer in the
recent works), but rather resort to Bayesian likelihood meth-
ods, as explained in section 4.

Table 3 gives a summary of the LF and/or size distribu-
tions proposed by the works listed in Table 1. Below, we
now comment on those values, their meaning, and also men-
tion some results from works listed in Table 2.

Initial published estimates (JL95, Monte Carlo approach;
ITZ95, maximum likelihood frequentist approach) found
the size distribution of material to be well represented by
a power law N(>D) ∝ D(1 – q), with q < 3, and D being the
diameter of the TNO. Already at this early stage, ITZ95 re-
alized that a break in the exponential was needed to account
for the lack of detection in former shallow surveys. The
slope proposed for their detections, together with those of
JL95, was very shallow, α = 0.32, much shallower than any
other population of small bodies in the solar system. Such
a shallow slope was inconsistent with the lack of detection
by previous surveys by LD90 (4 objects predicted) and LJ88

Fig. 1. Cumulative surface density of TNOs brighter than a given R magnitude. The solid circles represent the values derived from
the works by T61, JLC96, LJ98, L01, JL95, ITZ95, JLT98, G98, CB99, TJL01, G01, T01, B04, P06, and F07. The error bars corre-
spond to a 68.3% probability. The solid diamonds represent the upper limit at 99.7% probability for nondetection from K89, LJ88,
LD90, S00, and G01. The dashed lines show the shallowest (ITZ95), the most recent (F07), and the steepest (E05, α = 0.88) LF given
in Table 3. The dash-dotted line shows the LF of B04, integrated to give a cumulative density. Note that such a plot should never be
used to “best-fit” the LF.
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(41 objects predicted). So they added a cutoff at bright mag-
nitudes in the form of a steeper slope for magnitudes brighter
than a fitted value m0 and a shallower slope for fainter ob-
jects. They fixed the value of the bright end slope at αb =
1.5 and found a best fit slope for the faint end αf = 0.13 and
a break at m0 = 22.4.

These initial, groundbreaking attempts were based on
small samples of a few to tens of objects. The large num-
ber of parameters that come into play in producing a full-up
model of the Kuiper belt (radial, inclination, and size dis-
tributions, which perhaps differ between objects in different
orbital classes) ensures that attempting to constrain the prob-
lem with only a dozen or so detections will very likely lead
to false conclusions.

Later works gradually steepened the slope of the size dis-
tribution. Using a Monte Carlo approach, JLC96 claimed q ~
4, while JLT98 showed that q ~ 4, depending only mildly on
the choice of radial distribution. With a larger (73 deg2) and
fainter (mR ~ 23.7) survey that detected 86 TNOs, TJL01
concluded that q = 4.0 ± 0.5. To reach this conclusion, they
used only their 74 detections close to the ecliptic plane. They
also directly estimated the LF and found α = 0.64+

–
0.
0.

1
1
1
0, but

did not use this to derive the size distribution (this would
yield q = 4.2+

–
0.
0.

5
5
5), although they quote transformation equa-

tion (3). G98 introduced a Baysian weighted maximum like-
lihood approach to fit an exponential LF and then translated
this to a size distribution of q ~ 4.5 using equation (3).

CB99 extended the work toward the faint end with their
two-discovery survey, including the faintest TNO detected
at that time (mR = 26.9 ± 0.2). Combining a range of previ-
ous surveys, they find that 0.5 < α < 0.7, and that the LFs
determined using different combinations of surveys result
in exponential slopes that are formally inconsistent at the
~5σ level. This indicates that lumping all observations to-
gether does not provide a very consistent picture of the LF
of the belt. The reason for this was first demonstrated by
P06, and an attempt to solve the problem was proposed by
F07, along the lines mentioned in section 4. G01 also find
that only a subsample of the available surveys of the Kuiper
belt can be combined in a self-consistent manner and, using
just that subsample, find α ~ 0.7 and conclude q > 4.0.

Using the HST Advanced Camera for Surveys, B04
searched 0.019 deg2 of sky, to a flux limit of mR = 28.5,
more than 1.5 mag fainter than any previous groundbased

TABLE 3. Luminosity function (LF) and size distributions of past surveys.

LF slope Normalization Size Distribution Comments
Survey (α) Constant* Slope (q) N(D ≥ 100 km) List of Data Used†

Wide-Area Surveys
JL95 C25 = 6 ± 2.3 q < 3 ~35,000 30 ≤ R ≤ 50 AU region

T61, K89, LJ88, LD90, JL95
ITZ95 0.32+

–
0.
0.

1
0
0
8 C25 = 7.9+

–
2
2
.9
.3 JL95, ITZ95

~0.6 everything but JL95
~0.13‡ C25 = 5.6 T61, K89, LJ88, LD90, JL95, ITZ95

JLT98 0.58 ± 0.05 m0 = 23.27 ± 0.11 4.0 ± 0.5 20 ≤ mR ≤ 25
Published data with mR > 23

TJL01 0.63 ± 0.06 m0 = 23.04+
–

0.
0.

8
9 4.0+

–
0.
0.

6
5 Maximum likelihood§

Own data only
T01 0.66 ± 0.06 m0 = 23.32 ± 0.09 4.2+

–
0.
0.

4
3 4.7+

–
1.
1.

6
0 × 104 TJL01, T01

P06 0.76 ± 0.1 m0 = 23.3+
–

0.
0.

2
25 q = 4.8 Own data only

Deep Surveys
G98 0.76+

–
0.
0.

1
1
0
1 m0 = 23.4+

–
0.
0.

2
1
0
8 LJ88, LD90, C95, ITZ95, JLT98, G98

CB99 0.52 ± 0.02 m0 = 23.5 ± 0.06 3.6 ± 0.5 All surveys and upper limits
0.66 ± 0.04 4.3 ± 0.5 ITZ95, JLT98, G98, CB99

G01 0.69 ± 0.07 m0 = 23.5 ± 0.03 q > 4 LJ88, LD90, C95, ITZ95, JLT98,
G98, CB99, G01

B04¶ α1 = 0.88 Σ23 = 1.08 Req = 23.6
α2 = 0.32 CB99, L01, TJL01, G01, ABM02,

 TB03, B04
F07 0.6 ± 0.15 m0 = 23.25 ± 0.5 Own data only

0.73 ± 0.06** m0 = 23.55 ± 0.15** 4.6 ± 0.3** F07,
unpublished data by Kavelaars et al.

  *Cx:  number of object brighter than R magnitude x per deg2; m0: R magnitude at which a cumulative density of 1 object per deg2 is
    reached; Σx: Number of object per deg2, per unit magnitude at R magnitude x.
   † A reference to A on the line of B means that data acquired in work A are used in work B, not all the data used by A to derive theLF.
 ‡  Two exponentials, break at m0 = 22.4, bright end slope = 1.5.
 § Fitting the differential LF with a frequentist approach, α = 0.64+

–
0.
0.

1
1

1
0 and m0 = 23.23+

–
0.
0.

1
2
5
0.

   ¶ Double exponential differential LF Σ(R) = (1 + c)Σ23[10–α1(R – 23) + c10–α2(R – 23)]–1 with c = 10(α2 – α1)(Req – 23).
 ** 3σ uncertainties.
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survey. They discovered 3 objects, while a linear extrapola-
tion of the LF from G01 predicted the detection of ~46 ob-
jects. Clearly the deviation from a uniform exponential has
been reached.

B04 modeled the observed LF as a combination of two
exponential functions and also as a function whose power
“rolled over” from one slope onto another to account for
the observed lack of objects faintward of mR = 26. In or-
der to constrain the bright end of the LF, B04 combined
all previous TNO-LF surveys together. Recall that previous
authors had already found that this often results in varia-
tions of the exponential slope that are outside the range
allowed by the uncertainty measures of the individual
projects. Based on this combined fitting B04 determined
that the bright end slope is actually steeper than previous
estimates α ~ 0.8, while faintward of mR ~ 24 the LF starts
to be dominated by a flatter slope of α ~ 0.3. Because the
Kuiper belt has an extent of about ~20 AU, the rollover
occupies a fairly large range of magnitude and, although
starting at mR ~ 23, the shallower slope is not dominant until
mR ~ 25.5. Because the LF is no longer a simple exponen-
tial, there is not a complete direct connection between the
size distribution power q and the LF slope α. However, the
asymptotic behavior of B04’s LF imply a size distribution
power of q ~ 2.5, much shallower than the 3.5 value ex-
pected for Donanyhi-like distribution.

Other surveys have subsequently attempted to determine
the LF of the Kuiper belt in the 22 < mR < 26 region, thus
more firmly establishing the steep component of the LF and
better constraining planetesimal accretion models. E05 em-
ploy a novel survey efficiency model, but flawed method
in order to determine the slope of the size distribution based
on analysis of their Deep Ecliptic Survey observations. They
did not effectively measure their detection efficiency, so they
tried to parameterize it and solve for these new parame-
ters together with the LF parameters. Unfortunately, this
is strongly degenerate and a slight change in the efficiency
function has strong implications for the derived slope for
the LF. They had to fix the efficiency parameters in several
cases in order to get reasonable slopes. Finally, E05 find
that q ~ 4.7 for objects in the classical Kuiper belt. P06
present an analysis of the LF of Kuiper belt objects detected
in their survey for irregular satellites of Uranus and Nep-
tune and find that q = 4.8. They also show that this slope is
similar to that of G01, but with an offset in the sky density,
which they relate to change in the direction of the surveys
(see Fig. 2 and their Fig. 8). For these surveys we see that
there appears to be consensus on steepness of the slope of
the size distribution of Kuiper belt material in the 22 < mR <
25. These steep values for the slope of q stand in stark con-
trast to the original estimates of q ~ 2.5.

F07 present a more complete approach to combining data
from multiple surveys than has previously been attempted.
F07 observe that the value of mo (the point at which a sur-
vey sees 1 object per deg2) in the LF of observed TNOs at
different ecliptic longitudes and latitudes need not be iden-
tical. This is due to the narrow width of the Kuiper belt and

the effects of resonance libration angles causing the sky
density of Plutinos to vary from month to month. Addition-
ally, F07 note that the transformation between filter sets and
the absolute calibrations of various surveys cannot be per-
fect. Therefore, F07 modified the single exponential LF by
allowing mo to vary between surveys (which all attain dif-
ferent depths) and thus account for these unknown varia-
tions in mo. This change has the effect of removing the var-
iations in α seen by CB99 and allows F07 to provide a very
robust measure of the slope between 21 < mR < 25.7. F07
find that values of q < 4 for this magnitude range are now
formally rejected with greater than 5σ confidence. In the
same time, F07 rejects a change to shallower slope occur-
ring brightward of mR ~ 24.3 at more than 3σ, and propose
that this change occurs around mR ~ 25.5.

It is now demonstrated that for the whole ensemble of
TNOs, the size distribution slope is steeper than 4, most
likely around q ~ 4.5, brightward of mR ~ 25.

To our knowledge, all published works on TNO accre-
tion assumed an unperturbed accretion phase that produce a
cumulative size distribution slope q ~ 3 (and always q < 4)
up to the largest bodies. They also tend to produce disks
that are much more massive than the current Kuiper belt
mass. Steeper slopes for the largest bodies are actually
achieved during the accretion phase, and retaining them
requires some perturbations (external or endogenic) to halt
or change the collisional accretion of large bodies at some
early time (chapter by Kenyon et al.). The slope reached
for large bodies, and the size at which the transition to a
shallower slope for small bodies occurs, are strong con-
straints on the time at which these perturbations happened.
The slope for smaller bodies depends on the relative ve-
locity distribution (eccentricity and inclination) and the
strength of the bodies. The main perturbation mechanisms
are a close flyby of a star and Neptune steering. Flybys tend
to leave too much mass in the dust grains, while Neptune
steering can produce the correct slope and low dust mass
implied by the observations (chapter by Kenyon et al.). The
stopping of coagulation accretion (slope at large sizes) and
the dynamical removal of most of the remaining material
(transition size between steep and shallow slopes) require
that Neptune steering occurred before 100–200 m.y. This
seems to present a serious timing problem for the Nice
model (chapters by Kenyon et al. and Morbidelli et al.).

6. SIZE DISTRIBUTION OF THE DIFFERENT
DYNAMICAL POPULATIONS

The different dynamical populations of small bodies of
the outer solar system described in the chapter by Gladman
et al. are thought to result from different mechanisms. They
could very well present various size distributions, coming
from different places, and having suffered different accre-
tion and collisional evolution.

In the early ages of size distribution determination, the
small number of objects made it difficult, in fact almost im-
possible to search for different size distributions for each
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dynamical class. Thus, few people tried to address this ques-
tion, and most of those who did assumed a unique size dis-
tribution for all classes, with only a change in the normaliz-
ing factor.

JLT98 had to assume some orbital distribution of objects
to solve for the size distribution. They used a two-popula-
tion model composed of a classical Kuiper belt and Plutinos.
In doing so, they used the same size distribution form for
both populations, and assumed a simplified model of the
semimajor axis and eccentricity distributions of the classical
belt, as well as the eccentricity distribution of the Plutinos.
In doing so, they estimated that the apparent Plutino frac-
tion of ~38% found in their data corresponds to a 10–20%
fraction of the TNOs in the 30–50-AU region. Furthermore,
they computed the bias in their survey against finding ob-
jects in the 2:1 resonance with Neptune and concluded that
the nondetection of those could not formally disprove the
hypothesis that the 2:1 and 3:2 resonances are equally popu-
lated (Malhotra, 1995). Note that the classification used

rather short arcs, typically 1 year or less for many objects
in the survey, which may lead to misclassification. TJL01
applied the same approach to their new survey, for which
they attempted to obtain better orbital determination by
longer tracking effort. Using the bias toward finding 3:2
resonant objects computed by JLT98, they converted their
observed 8% Plutino fraction to a 3–4% real fraction, much
smaller than the previous estimate, and more in line with
the findings of Petit and Gladman (2003). As for the 2:1
population, their conclusions were similar to those of JLT98.

L00 used also a single slope for their LF for all TNOs
and give their sky density of classical belt and of scattering
(scattered in their paper) disk and find the latter to be about
six times less populated than the former. They also consid-
ered what they called Centaurs (not a population of TNOs
per se), of which they discovered four, and derived a shal-
lower slope than for TNOs, and a much lower sky density
of 0.017 ± 0.011 Centaurs brighter than mR = 21.5. How-
ever, according to the new classification scheme KBB07

Fig. 2. Debiased cumulative surface density of TNOs for G01 (open squares), P0 (open diamonds), and MEGAPrime data of F07
(open circles). The data have been debiased using the published efficiency functions. The different lines represent the best-fit single-
exponential LF for G01 (dotted line), P06 (dash-dotted line), and F07 (dashed line). All three surveys, taken independently, are well
approximated by a single exponential function with index ranging from 0.7 to 0.8. Clearly, one cannot simply combine them as was
done up to and including B04 (although CB99 noted that combining leads to inconsistent results). One must account for an offset in
surface density due to longitude and latitude variation, magnitude difference in different passband filters, and calibration uncertainties.
An attempt to apply these corrections was done by F07, but this requires external determination of these offset in order to avoid un-
reasonable fit values for m0 for surveys with small number of detections (F07).
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described in the chapter by Gladman et al., only two ob-
jects are Centaurs, one (1998 SG35 = Okyrhoe) is a JFC, and
the last one (33128=1998 BU48) is a scattered disk object.
We note that the objects used in that work typically had a
decently determined orbit, and the change in classification
is due to the fuzzy definitions used at that time. T01 con-
firmed the sky density of Centaurs at the bright end, find-
ing one such object (using the same definition as L00) in
their survey.

B04 were the first to try and fit completely different LFs
to different dynamical classes. They define three different
classes that span one or more classes of KBB07. The TNO
sample contains all objects with heliocentric distance R >
25 AU. The CKBO sample roughly correspond to the clas-
sical belt, with 38 AU < R < 55 AU and inclination i < 5°.
The excited sample is the complement of the CKBOs in the
TNOs. They find that the differential LF of the CKBO
sample is well described by a very steep slope (α ~ 1.4) at
the bright end, and a shallower, but still rising, slope (α ~
0.4) at the faint end, while the differential LF of the ex-
cited sample would have a bright end slope similar to that
derived by other works to the whole belt (α ~ 0.65), and
would be decreasing at the faint end (slope α ~ –0.5). This
result is to be taken with great caution as the classification
used was purely practical and has no connection to any
common (or lack of) origin of the bodies.

E05 had the best survey at the time to address the ques-
tion of size distribution vs. dynamical population, having
the largest number of objects discovered in a single survey.
They were also able to determine precisely the orbit of a fair
fraction of their objects. They consider three major classes
of TNOs — mainly the classical belt, the resonant objects,
and the scattered objects — with boundaries similar to those
of KBB07. They find that the slope of the LF varies signifi-
cantly from the classical belt (0.72), to the resonant objects
(0.60), to the scattered objects (1.29). Interestingly, the slope
of their overall sample is steeper (0.88) than for any sub-
sample but the scattered one, which make up only a small
fraction of the objects. However, a caveat is in order here,
since E05 did not actually measure their efficiency at dis-
covery, but rather used a heuristic approach to estimate it.
Also, only about half of their objects had an orbit precise
enough to allow for classification.

7. FUTURE WORK AND LINK WITH
FORMATION AND COLLISIONAL

EVOLUTION MODELS

The two major outstanding issues on this topic concern
the size distribution of the various dynamical classes and
the size(s) at which the shape of the distribution changes.

The work of B04 has shown that, going to the faint end
of the LF, there is a knee in the size distribution, which they
estimate to be around mR ~ 24–25. But P06 and F07 have
shown the straight exponential to extend to at least mR =
26. To settle this question, we will need a deg2 survey down
to R magnitude 28 or so, beyond the expected knee in the
size distribution. At the other end of the LF, earlier works

(ITZ95, and to a lesser extend JLT98) have reported the
need for a steeper slope of the LF for objects brighter than
mR ~ 22–23. ITZ95 were the only ones to give an estimate
of the needed slope, at 1.5. All subsequent works assumed
a single slope brightward of mR ~ 24–25. However, these
works were dealing mostly with LF faintward of mR ~ 22,
either explicitly or implicitly. Deciding if there is really a
change in the LF slope brightward of mR ~ 22–23 requires
surveying the ~1500 deg2 around the ecliptic plane where the
classical Kuiper belt resides, down to R magnitude 22–23.

The challenge for determining the size distribution of the
different dynamical classes is that we need to have a fully
characterized survey finding a decent number of TNOs in
each class, and follow them all (or at least a large fraction
of them, without orbital bias) to firmly establish their class.
This requires a follow-up program for at least 2 years after
discovery. The only current survey of this kind is the Very
Wide component of the CFHT Legacy Survey, which dis-
covers TNOs as faint as mR = 23.5–24 depending on the
seeing conditions. It has covered 300 deg2 in its discovery
phase and is still chasing the objects it has discovered. The
forthcoming Pan-STARRS survey will cover the entire sky
to 0.5–1 mag fainter than the current CFHTLS-VW survey.
Both can address the question of the size distribution for
the large-sized bodies, larger than the transition knee de-
tected by B04. In the 5 to 10 years to come, we should have
a good knowledge of the size distribution of the large bodies
(larger than 100 km in radius) in each of the main dynami-
cal classes, allowing useful comparison with early accre-
tion models.

The size distribution of TNOs smaller than the knee for
the CKBO class (the most abundant one in most of the
surveys) will also be determined during the same period,
thanks to large efforts on 8-m-class telescopes. Determining
the shape of the size distribution of small TNOs in each dy-
namical class is the step after determining that of the TNOs
as a whole. This will require a large sample in each dynami-
cal class, hence surveying several deg2 of sky to be observed
to magnitude ~28. All objects thus discovered will have to be
followed until their orbit has been firmly established. This
will occur only when we have deg2 cameras on either Ex-
tremely Large Telescopes or on the new generation of Space
Telescopes.
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