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PROTOPLANET ACCRETION RATES IN A DISK OF PLAN- 
ETESIMALS WITH LOW RANDOM VELOCITIES; J. J. Lissauer and Y. Green- 
zweig, Physics Department, University of California, Santa Barbara, CA 93106 

Safronov's (1969) theory of accretion of planets from small solid planetesimals 
states that the cores of the gas giant planets required _>lo8 years to grow large enough 
to trap substantial amounts of gas from the solar nebula (Bodenheimer and Pollack 
1986). However, observations of regions of current star formation suggest removal 
of gases from the protoplanetary disk on a lo6 year timescale (Walter 1986). The 
cores of the giant planets could have accreted much faster via "runaway accretion" 
of solid particles, in which one protoplanet grows much more rapidly than other 5od- 
ies in its accretion zone. Random velocities are kept low by collisions between small 
planetesimals, which contain most of the mass. The gravitational focilsing cross- 
section of the protoplanet thus greatly exceeds its physical cross-section, and the 
accretion rate increases as the fourth power of the protoplanet's radius (Greenberg 
et al. 1978). Eventually, the protoplanet's accretion zone becomes so large that the 
two-body planetesimal-protoplanet encounter is modified by the Sun, and a full three- 
body treatment is required. Nishida (1983) has performed numerical integrations of 
the planer three-body accretion problem. Wetherill and Cox (1985) have studied the 
full three dimensional problem for the special case of protoplanets with the density 
of an uncompressed Earth and located 1AU from the Sun. We have extended these 
3-D studies to the more general case of arbitrary protoplanet size and location using 
a combination of analytic scaling and numerical simulations. 

A completely general analysis of collision cross-sections in the 3-body problem 
requires coverage of a parameter space of eleven dimensions. For the problem of 
planetary accretion, the dominance of the Sun's mass allows the use of certain approx- 
imations developed in Hill's (1878) lunar theory. Any encounter can be scaled to an 
equivalent encounter of a massless point planetesimal on a trajectory determined by 
5 orbital elements with a protoplanet of equivalent mass M and equivalent radius R 
on a circular orbit. The mass, radius and semi-major axis of the protoplanet can be 
reduced to one parameter, R/RH, where RH is the radius of its Hill sphere (Henon 
and Petit 1986). Accretion rates can then be calculated by numerically computing 
the trajectories of planetesimals with a given distribution in orbital elements and com- 
paring the closest approach distances with the protoplanet's normalized radius. Even 
these simplifications leave a five dimensional parameter space of planetesimal orbits 
to be explored; thus the results presented herein are limited to a few special cases of 
planetesimal velocity dispersions. 

Our numerical procedure is as follows. Newton's equations of motion are inte- 
grated for test particles, with gravity of the Sun and that of the protoplanet being the 
only forces present. The protoplanet's mass is ~ o - ~ M ~ ,  so errors induced by Hill's 
approximation are 51%. The integrator uses the extrapolation algorithm of Bulirsch 
and Stoer (1966). The variables of the integration are cartesian in the rotating frame, 
but initial and final conditions are given in heliocentric orbital elements. Initial condi- 
tions of the orbits are chosen to span the available phase space with good uniformity in 
order to enhance the statistical significance per orbit. This is achieved by choosing the 
uniformly distributed variables' initial conditions as multiples of irrational numbers 
(like the Golden Mean), folded back on the appropriate interval. For the runs with 
constant inclination and eccentricity, for example, the semimajor axis is incremented 
by a constant amount per orbit, while the longitude of the apse and the longitude of 
the acsending node are generated at  each step by two distinct irrationals as explained 
above. Individual trajectories are computed beginning at  least 20 RH away from the 
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protoplanet, and complete at least one full orbit of the Sun before encountering the 
protoplanet. The encounter is followed until the test particle has receded to a consid- 
erable distance from the protoplanet, in order to be certain that the closest approach 
distance is found. In this abstract, we restrict our attention to orbits with no initial 
eccentricity. 

For planer orbits, our results reproduce those of Nishida (1983) and Henon and 
1 

Petit (1986); the capture cross-section of a protoplanet is oc RZ (assuming R<<RH, 
see Fig. 1). This is the same functional dependence on protoplanet radius as in the 2- 
D two-body (constant eccentricity) approximation, even though the colliding particles 
come from a different region of the disk. 

In the case of circular orbits with a sin i = RH, the capture cross-section is Z R  
(Fig. 2). This functional dependence mimics that of the 3-D two-body approximation. 
Note that the normalized accretion rate is smaller for any given radius than in the 4 = 0 
case. Intermediate power law dependencies result when a sin i -O.lRH, because at 
such low inclinations the vertical component of the separation between planetesimal 
and protoplanet upon approach is significantly smaller than the horizontal component. 

Fig. 1 :  i = O  Fig. 2: a sin(i) = RH 
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