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THE RELATIONSHIP BETWEEN PHOTOMETRIC ROUGHNESS AND FRAC- 
TAL DIMENSION. Nicholas D. Efford, IEBS, Environmental Science Division, University of Lan- 
caster, Lancaster LA1 4YQ, U.K. 

The currently fashionable concepts of hactal geometry [I] are finding widespread application in areas 
as diverse as geomorphology, the dynamics of plant growth and computer graphics, largely because they 
elegantly characterise the hitherto poorly-understood spatial and temporal scaling properties of many 
natural phenomena. Despite its apparent complexity, natural form often possesses a deeply significant 
simplifying invariance under changes of magmilcation, a statistical self-similarity in whi& the same degree 
of irregularity is measured whatever the scale of the measurements. The computer-generated fractals 
frequently used t o  simulate natural topography are self-afine, meaning that the horizontal and vertical 
coordinates must be scaled by different amounts for roughness to be truly scale-independent [2]. The effect 
that such scaling has on measured surface area as a function of horizontal baseline is determined by the 
fractal dimension, D ,  of the surface, a number in the range 2 < D < 3 sufficient to completely specify the 
second-order texture statistics. 

A strong positive correlation exists between D and the visually-perceived roughness of a self-&ne 
fractal surface [3,4], and m a y  workers have demonstrated the general applicability of a fiactal model to 
natural topography, e.g. [5] and [6]. However, the view that natural surfaces can be characterised by 
a single fractal dimension appears to  be oversimplistic; in many cases, different values of D have been 
measured for different scale domains [5,7]. Nevertheless, in this study a simple fractal model has been 
chosen as a first-order representation of small-scale planetary surface texture. Its use can be at least 
partially justified by consideration of the fundamentally random aspects of the impact process, coupled 
with the likely history of bombardment undergone by an atmosphereless planetary surface. In the absence 
of tectonic or volcanic activity (which may disrupt or eradicate roughness over a range of scales, thereby 
invalidating a fractal description) the scale domain over which surface relief possesses fractal statistics 
might be very large indeed. Certainly, spherical harmonic expansions of terrestrial, lunar, martian and 
venusian global topography exhibit fractal properties [8], although given the effects of large-scale tectonism 
and volcanic resurfacing, similar values of D should not be expected at much smaller scales. 

The scales at which a random fractal model is likely to  be most appropriate will be typically unresolved 
in digital spacecraft images. However, such small-scale topography is accessible photometrically by the 
determination of 8, a parameter in Hapke's equation [9] corresponding to the mean slope angle of unresolved 
surface roughness. Hence it is of interest to investigate the nature of any systematic relationship that might 
exist between $ and D. To this end, digital approximations to random fractal surfaces were generated by the 
Fourier filtering method [2], using an algorithm in [lo]. Figure 1 shows such a surface, for which D = 2.3. 
Hapke's equation was used to  describe the light-scattering properties of surface material covering the fiactal 
terrain, with $ = O0 and the remaining parameters set to arbitrary values. Mean terrain reflectance was 
computed for a range of viewing and illumination geometries, taking into account the effects of shadowing, 
as described in [ll] .  The resulting photometric data were used to solve for 8 only, by fixing the other 
parameters at their known values and minimising the residual of fit between theoretically-calculated and 
measured terrain reflectances. 

Figure 2 plots $ versus fractal dimension; two curves are shown, derived for horizontal scales of 0.01 
and 0.02 units pixel-'. This illustrates a crucial point, namely that fractal statistics specify only the 
relative height variations of a landscape at different scales [2]: some measure of roughness amplitude is 
additionally required to specify the aspect ratio of the surface, which determines the range of slopes present 
at a particular baseline. As one would expect, a clear positive correlation exists between 8 and D. The 
concave-upward nature of the curves might be qualitatively explained by the fact that increases in D result 
in the addition of irregularity a t  all scales represented in the data, and Hapke's 8 parameter integrates the 
effects of all sub-pixel roughness. 

Provided that the roughness amplitude of a particular surface is known, the relationship deduced here 
may be used in principle to infer the fractal dimension of sub-pixel scale roughness, given a value of 8 
estimated from photometric observations; conversely, D measured for a surface by any one of a number of 
methods [2,5,6] may be used to predict an appropriate value of 8, for use in photometric studies. However, 
it is possible that roughness amplitude and fractal dimension together do not provide a description of 

surface texture sufficently complete to fully quantify the relationship between and D. Surfaces with the 
same D can radically differ in their appearance, owing to variations in a property known as lacunan'ty [I]; 
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essentially, a densely-textured surface is characterised by a small lacunarity, whilst a fractal surface with 
large lacunarity possesses a coarse texture. It  can be shown that lacunarity exerts an Muence on surface 
slope distributions, and hence on 8 itself [12]. 

Further study of the relationships between fractal dimension and other measures of surface roughness 
would undoubtedly be productive. Aside from any applications in planetary photometry, the determins 
tion of characteristic values of D (together with roughness amplitude and lacunarity) for both terrestrial 
and planetary surfaces over as wide a range of scales as possible will be important, particularly if connec- 
tions can be established between scale domains of a given D and specific geophysical and geomorphological 
processes. In a photometric context, the identification of the fractal dimensions and lacunarities charac- 
teristic of a particular suite of surface processes may serve to enhance the value of Hapke's 8 parameter 
as a discriminatory geological tool, in that rudimentary constraints on sub-pixel scale geology might be 
derivable from relatively low resolution imaging data. Computer modelling exercises (e.g. [ll]) might 
prove useful in this regard. 
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