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RUNAWAY PLANETESIMAL GROWTH: AGREEMENT BETWEEN ANALYT- 
ICAL SOLUTION OF THE COAGULATION EQUATION AND THE RESULTS OF 
NUMERICAL PHYSICAL MODELLING; G. W. Wetherill, Dept. of Terrestrial Mag- 
netism, Carnegie Institution of Washington, Washington, D.C. 20015 

The growth of a swarm of planetesimals initially of mass m, by accumulation of 
one another is often described in terms of a coagulation equation (1,2,3): 

where the nk are the number of bodies of mass m,k at time t, and the "kernel" Aij is 
the probability of collision of bodies of mass im, and jm, per unit time. In general, 
the Aij are nonlinear functions of the masses, velocities, and physical of the 
planetesimals and no general analytical solution can be found. Analytical solutions have 
been published only for the cases Aij cc (mi + mj) and A;, = constant. Both of these 
solutions correspond to orderly, non-runaway growth. Ohtsuki and Nakagawa (4) have 
demonstrated the usefulness of these solutions as test cases of algorithms also used for 
simulation of growth using more physically realistic forms of Aij. 

The work of Stewart and myself (5,6) shows that as a result of equipartition of 
energy, orderly growth is not likely to occur. Instead, after an initial orderly stage of 
growth, one planetesimal begins to grow much faster than its neighbors, leading to only 
a moderate number (e.g. 10 to 50) of - gram "embryos" in the terrestrial 
planet region and to a much more rapid time scale of embryo formation. It is therefore 
i f  interest to compare our use of a physical model of coagulation with an analytical 
solution for a case of runaway growth. 
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Trubnikov (3) shows that an analytical solution of eqn. (1) for the case Aij = ymimj 
should be of the form: 

where 77 is the dimensionless time, 77 = ynot, y is a constant, and no is the initial number 
of bodies of mass m,. The total number of bodies and mass in the swarm at time t ,  
calculated by summation of eqn. (2) over all values of I c ,  are shown as curves A and B 
on Figure 1. This result is clearly contradictory, because among other things, mass is' 
conserved only up to 7 = 1, after which it declines to zero for large values of the time. 

It might be thought that this contradiction implies that no analytical solution 
exists. Use of the physical model (6) for the numerical calculation of this same case 
suggests, however, that this result does not simply represent a mathematical reductio 
ad absurdurn. The points plotted on curves A and B are not simply fitted to the curve, 
but represent the results of the numerical calculation summed over the entire swarm, 
except for the runaway body. For curves A and B the numerical values accurately fit 
those found using eqn. (2). The numerical calculations also directly provide values of 
the mass of the runaway body (points on curve C), and also lead to conservation of the 
total mass. 

As a result, equations (1) and (2)) together with conservation of mass, and proper 
interpretation, lead to agreement between analytical and numerical calculation of run- 
away growth, even though the concept of runaway growth is foreign to the formulation 
of equations (1) and (2). This paradox can be resolved by extension of equation (1) to 
include a runaway. The number of bodies and mass of the residual small body swarm 
are still given by curves A and B. Curve C represents the analytical solution found for 
the mass of the runaway body, and agrees very well with the points found numerically, 
and at the same time validates the mass-shifting algorithm for numerical calculation of 
runaway growth. The same algorithm also provides excellent agreement when applied 
to the two cases of orderly growth considered by Ohtsuki and Nakagawa. 
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