
L P S C S X I I I  311 

THE COEFFICIENT OF RESTITUTION FOR COLLISIONS OF ICY 
SPHERES; J. Dilley, LASP, University of Colorado, Boulder, CO 80309-0392 and 
Physics Dept., Ohio University, Athens, OH 45701 

The dynamics and structure of planetary ring systems are governed 
largely by the nature of gentle collisions between icy particles. Such collisions 
are generally described by a coeMicient of restitution, E ,  the fraction of relative 
velocity lost during a collision of two particles. 

The coefficient has recently been measured by Hatzes et al.1 for icy 
spheres covered with a collisionally compacted frost. In their experiments, 2.5 
cm radius spheres collided with large, fixed, ice bricks. In addition, collisions by 
larger spheres were simulated by using appropriate radii of curvature a t  the 
contact point of the spheres. In all of these cases, collisions were found to be 
nearly elastic (&=I) a t  very low impact speeds, and to become increasingly 
inelastic a t  larger speeds. 

Hatzes et al. fit their data using four adjustable parameters for each 
particle radius. However, these fits are purely empirical, and suggest no 
underlying physical model which can be used to generalize the results. We show 
here that all of the data can be fit, using only two parameters, with a physically- 
based, solvable, viscous dissipation model. Moreover, the model suggests how to 
generalize the results to spheres of arbitrary mass. 

Impacts are modeled by the half-cycle of a simple harmonic oscillator of 
frequency o,, with a damping force proportional to the relative velocity of the ice 
particles during impact. The resulting coefficient of restitution is 

R -- 
E = e '", where o = mod- 

is the damped oscillator frequency, 
2 = zovP 

and v is the impact velocity. Since a, and 7, appear only as a product, o,z,, o, 
is not really a free parameter of the model: ooze and p are actually the quantities 
used to fit the collisional data. When this is done, the empirical fit of Hatzes et 
al. is reproduced to within a few percent over the range 0.02 c d s e c  o d . 5  
cdsec.  On the other hand, once ooze and p are determined, any change in o, 
results in a well-defined change in E .  This effect can be used to predict changes 
of E due to  changes in size of the colliding spheres. 

To obtain a realistic estimate of size effects, we turn to Hertz theory, 
which describes elastic collisions of spheres at  small velocities. Although Hertz 
theory is non-linear, and has no general analytic solution, i t  does provide some 
valuable partial-results. In particular, i t  predicts the time, Tmin, for colliding 
spheres t o  reach minimum separation just before rebound begins. 
Corresponding to this time, one can define a frequency a, with 
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are the reduced radius and reduced mass of the spheres. For the Hatzes et al. 
experiment, the mass of the colliding sphere is kept fixed, while the brick is 
effectively a sphere of infinite mass and radius. Thus, 

- 
m -+ m, = constant, 3 -+ R,, and wo = R,'.~. 

This simple change, without any alteration of z, leads to values of E for 5,10 and 
20 cm spheres found by Hatzes et al. 

Similarly, the appearance of; in Hertz theory strongly suggests that E 
also has a mass dependence. Combining a Hertzian coo with a generalization of 
our model leads to an overall mass dependence for E containing a single new 
parameter that should be determinable from further scattering experiments. 
The dependence of E on mass has significant implications for the dynamics of 
particles in a planetary ring with a broad size distribution. 
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