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Theoretical modelling together with computer simulations and observational data has increased our 

understanding of the formation of planetary system remarkably during the past few decades. Many details, 

however, especially those concerning the earliest stages of the process are still poorly known. In the first 

models for collisional systems the particles were assumed to be frictionless, non-gravitating mass points. Later, 

the influence of finite particle size has been accounted for (e.g. 1,2, 3) and effects of friction, irregular shape of 

particles, and gravitational forces in encounters have also been studied (e.g. 4, 5,6,7). The radiative effects and 

the bulk motion of particles naturally enter the treatment of gaseous systems, but for particulate disks they have 

been considered only very recently (8,9). Moreover, there is, at the time being, no generalized theory in which 

all these different phenomena are taken into account or even discussed with sufficient accuracy. One of the major 

problems in the theoretical treatment of disks is that in order to construct a realistic model one must also 

consider the complex interactions between gas and dust, including the effect of the turbulence - which is one of 

the few subjects of classical physics for which there is no exact theory. 

The purpose of our work is to promote the formulation of a unified model for the treatment of both 

gas and dust in the turbulent circumstellar disk. The collisional theory which is used as a starting point in this 

presentation was introduced in its original form by Hiimeen-Anttila et al. (10). This analytical theory is based 

on Boltzmann's equation in a 6-dimensional system of co-ordinates which are written in terms of orbital motion. 

Integrations over orbital elements yield average values over co-moving groups of particles instead of giving 

them over a random collection of particles residing in the vicinity of a given point, which is the more 

conventional method. The analytical treatment simplifies the collisional problems and is also easy to improve 

in its accuracy (1 1). The model is reformulated here to apply also for the turbulent eddies which are considered 

in an analogical manner with gas molecules and solid grains. Radiative effects as well as molecular collisions 

are included but electromagnetic phenomena are omitted. 

In the standard astrophysical models for turbulence in circumstellar disks only the effect of 

differential rotation is taken into account properly. However, the complete treatment of turbulence would 
include a model for the hierarchical structure of eddies ranging from the largest elements, which are comparable 

with the disk thickness in size, to the smallest ones, which can barely withstand the dissipation by viscous 

forces. The largest turbulent eddies absorb energy from the average motion of the fluid or gas and deliver it to 

smaller elements until the actual dissipation occurs at the lowest level. We employ here the first approximation 

of the hierarchy introduced recently by Hameen-Anttila (9), in which only the lowest and the highest level are 

considered as a first step toward a more complete model. 

We assume that the gravitational field of the disk - unless it is totally negligible - only acts in the 

vertical direction. Therefore, the circular frequency of molecular orbits, R ,  is equal to the epicyclic frequency. 

As a further consequence, the collisional model of turbulence (9) gives the expressions s = (8m ~ 7 \ / ~ ) l / ~  and 

T, = 3 ( 5 7 ~ ~ / 2 s ) ~  for the critical radius of eddies (below which the dissipative forces destroy the turbulent 

elements in a shorter interval of time than it takes for two adjacent eddies to pass each other) and the 

corresponding velocity dispersion, respectively. These are assumed to be the actual values of s and T, for the 

smallest eddies. The symbol P stands for a dimensionless constant -1 and q for the coefficient of viscosity. 

A comparison between the new collisional and the standard a models shows that they operate on 

two different levels of hierarchy. In the former, the viscous heating is derived from the motion of individual 
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eddies and in the latter from the differential rotation. In the a model one assumes that the eddy viscosity can be 

described in the same manner as the viscous laminar flow. In the collisional model the same assumption is 

made for the structure of eddies themselves, while their influence on the viscosity of differential rotation is an 
exact consequence of theory. From this point of view, the collisional model is more accurate than the a model. 

Hence, even though the two sets of equations governing the viscous evolution of the disk can be shown to be 

identical by adjusting B to a specific value (12), there is no need to do this. 

The collisional model also allows convective solutions. If pg denotes the vertical frequency, r the 

adiabatic index, mg the molecular mass, Hg the thickness of the gaseous disk, kg the Boltzmann's constant, ng 

(cm-2) the surface density, Qg the spectral efficiency factor, TeE the effective temperature and TO the gas 

temperature, the criterion Y = y g 2 [ ( ~ - l ) m g g 2 ~ g B  - n g g  o 2~ g \ '%~~,~/ r" )~ /32]  < 0 is provided for 

the onset of convective energy transport (9, 13). 

One of the probable mechanisms of dissipation of energy is the inelastic molecule-grain collisions 

followed by the thermal emission of dust. We assume that the viscous heat is msformed exclusively to the 

kinetic energy of gas while the grains are indirectly influenced by inelastic collisions with molecules. Small 

particles (I 1 cm in radius) tend to be coupled with the turbulent eddies, but, if the elements are large and move 

slowly, energy losses in these collisions can still cause them to settle into the midplane in timescales shorter 

than the estimated disk life-time derived from observations. The coefficient of restitution, which describes the 

loss of kinetic energy in impacts, depends on the difference between the kinetic temperature of gas and the inner 

temperature of the grains. A sufficient reflectivity of dust particles is also needed to maintain the difference. 

Another dissipative process is the inelastic collisions between molecules. In these impacts the 

energy of the large-scale motion of gas is transformed into radiation by the collisional excitation and subsequent 

radiative de-excitation of molecules. Usually the temperatures in the nebula are too low to allow large 

probabilities for vibrational or elecwon transitions. This implies that only rotational excitations contribute to 

the coefficient of restitution, which must also be modified to take into account the fact that only those impacts 

in which the excitation energy can be radiatively de-excited before a new collision affect it. Numerical 

calculations for diatomic molecules show that these impacts can be a very effective cooling mechanism in the 

disk. However, the efficiency depends highly on the composition of the gas. Critical constituents in this sense 

seem to be CO and especially OH. Hydrogen-dominated gas enriched with these compounds can cool very 

rapidly, while normal interstellar abundances (e.g. those derived from (14)) seem to lead into a state of 

equilibrium in a reasonable timescale. The characteristics of the equilibrium depend on the initial properties of 

the disk and the assumptions made of the nature of viscosity. An excessive cooling can also provide the 

appropriate circumstances for the gravitational instability to operate, but this is a subject of future studies. 
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