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COORBITAL COROTATION TORQUE. Wm. R. Ward, Jet Propulsion Laboratory, 
California Institute of Technology, Pasadena, CA 91109 and San Juan Research 
Institute, San Juan Capistrano, CA 92675. 

A protoplanet embedded in a circumstellar nebula feels strong tidal 
torques that can modify its orbit (1,2,3). In addition to torques from the 
inner and outer portions of the disc, a torque can be exerted on the 
protoplanet by the nearly coorbiting portion of the disc (4). For instance, 
in the restricted 3-body problem this region is comprised of horseshoe (and 
tadpole) orbits and the torque on a perturber can be found by determining 
the angular momentum exchanged with a single particle as it moves from one 
leg of its horseshoe orbit to the other. The net torque from a disc of such 
particles is found by summing over the ensemble of orbits occupying the 
horseshoe orbit region (5), i.e., 

where u is the disc surface density, (A,B) are Oort constants, and w 
represents the half-width of the horseshoe zone. [For a thin disc with 
scale height, h, less than the Hill sphere radius, L = (GM~/~~A(C~)"" the 
half-width is of order L.] 

Here we discuss an alternative approach to the problem that may prove 
useful for a thick (h > L) disc: treating perturbations of the coorbiting 
region as due to a series of overlapping corotational resonances. Torques 
are exerted on the disc at the sites of Lindblad and corotation resonances. 
At a Lindblad resonance, the collective response of the disc is to launch a 
wave train that carries angular momentum away from the resonance zone. At a 
corotation resonance, the angular momentum exchanged with the protoplanet 
remains localized, with disc material being set into libration. The most 
powerful corotation resonances fall at the protoplanet's orbit, r with 

P ' pattern speeds equal to its mean motion. Their cumulative effect results in 
the horseshoe orbit behavior. 

The torque at a single corotation resonance is given by (6) 

where dm is the amplitude of the mth order term in the Fourier expansion of 
the perturbation potential, n = J4nB is the epicycle frequency, and f (f) is 
a cut-off function that describes the weakening of the torque at short 
wavelengths, i.e. r/m << c/n, f = mc/rfl >> 1, with c representing the sound 
speed in the disc. Ward has suggested a form, 

from an analysis of high order terms in the density perturbation equation at 
a corotation resonance (7). 

Fourier amplitudes of the disturbing function can be expressed in terms 
of generalized Laplace coefficients, byl2, which are functions of y = r/r 

P and the height above mid-plane, z. Laplace coefficients diverge at 7 = 1, z 
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= 0. However, if we consider a gaseous protoplanetary disc with a finite 
scale height h - c/n, most of the disc material does not lie in the orbit 
plane of the perturber (z = 0). This suggests we might vertically average 
the equations of motion including the disturbing potential. This assumes 
that a column of disc material responds as a unit to the total torque 
exerted on it (4). Since in the vicinity of a corotation resonance, the 
pattern speed of the perturbing terms are nearly equal to the local speed of 
the disc, the Doppler shifted frequency is very low and the disc should 
remain in near hydrostatic equilibrium. Vertical averaging will be most 
valid for wavelengths t O(h). 

At 7 = 1, the (m > 1) Fourier amplitudes for the vertically averaged 
disturbing potential are (4) 

GM 

~r eZ eZ ) = - " exp (T) K~ (T) 
P 

where KO denotes a modified Bessel function. Assuming a Keplerian disc [nZ 
= nz = ~b&/r~, A - -3n/4, B = R/4], substitution of eqns. (3,4) into ( 2 ) ,  
and integration over order m yields an estimate of the total coorbital 
corotation torque; 

Although vertical averaging provides only an approximation, eqn. (5) is 
comparable in strength to previous estimates of the differential Lindblad 
torque (3) and may contribute significantly to the orbital evolution of the 
protoplanet. Note that the same functional form is obtained from eqn. (1) 
by setting the horseshoe zone half-width comparable to the Hill sphere 
radius for the vertically averaged potential; i.e. , w - 0 [L(L/~)'/ ] . 

There remains a question as to the persistence of the corotation 
torque. Unlike a Lindblad resonance, angular momentum is not transported 
from the resonance zone by wave action. Consequently, the corotation 
resonances can saturate. This occurs if libration removes the gradient in 
the specific vorticity, d(o/B)/dr. The time scale for saturation is set by 
the libration time, rsat - xr/l~lw. However, there are two processes that 
tend to prevent this: (i) Disc tidal torques may cause the protoplanet to 
drift across the coorbital zone in a time rw - ~-1p-1(~o/or2)(h/r)z(w/r) 5 
rsat, where /r = %/MO (3). This would require a surface density such that 
xor /M, > O(h/r), which implies a rather substantial disc. (ii) Disc 
turbulence can re-establish a gradient in (o/B) in a time r - d/v < rsat. 
This requires a viscosity v/(c /n) = a t 0 [ p 3  ' (r/h)' / ] . For h/r - .05, p 
- 3 X lo-=, the criterion reads a k 0(10-~), implying that a relatively mild 
turbulence is sufficient. Under either condition, the coorbital corotation 
torque should be included in the disc torques modifying the protoplanet's 
orbit. 
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