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LINEAR AND WEAKLY-NONLINEAR VARIABLE VISCOSITY CONVECTION IN 
SPHERICAL SHELLS; A. Zebib, Rutgers Universityt . 

A theoretical study of linear and weakly nonlinear thermal convection in spherical shells is 
performed. The Boussinesq fluid is of infinite Prandtl number and its viscosity is temperature 
dependent according to p = exp(-El"). The linear stability eigenvalue problem is derived and 
solved by a shooting method assuming isothermal, stress-free boundaries and a self-gravitating 
fluid Convection with meridional wavenumber 1 and m (I 1) azimuthal waves occurs at a Rayleigh 
number Ra which depends on E and the shell aspect ratio q. The variation of this Ra with E is 
given at fixed q = 0.5 in Figure 1 and for various values of 1. The lowest of these values at a fmed 
E determines the critical pattern lcr and Racr. The results indicate that increasing E at fixed q leads 
to the expected decrease in Ram with an ultimate, though nonmonotonic, increase in L. For 
instance with q = 0.5, the pair (lcr, Ram) assumes the values (3,978.6), (2, 253.0), (1, 60.3) and 
(4,28.9) corresponding to E = 0, 3 ,9  and 1 1, respectively. The eigenvalues cluster and are very 
close at E of about 10. For values of E larger than 10, there is a definite preference for larger b. 
This expected result can be explained from a study of the eigenfunctions which shows that 
linearized and weak convection becomes confined near the inner, less viscous hot surface at large 
values of E (Zebib and Kassoy 1977). In this case convection resembles that of an infinite layer. 

In addition, nonlinear, hemispherical, axisymmetric convection is computed by a finite volume 
technique for a shell with q = 0.5. It is shown that 2-cell convection occurs as transcritical 
bifurcation for a viscosity contrast across the shell up to about 150. With E = 0, hemispherical 
convection sets in as 1 = 2 motion at Ra of 1095.7. This has been shown to be a transcritical 
bifurcation (Zebib et al. 1985) involving a pair of motions with 2 meridional cells each. One of 
these motions with polar upwelling was termed (+) while the (-) solution is for downwelling 
convection at the poles. At slightly larger Ra, a second pair (+) and (-) of 4-celled motions was 
found to exist. Both pairs of solutions represented transcritical bifurcations with extremely small 
(even less than a fraction of 1% of Raa) subcritical ranges. The influence of E on nonlinear 
hemispherical convection is manifested in substantially enlarging the subcritical range and the 
disappearance of the 4-celled motions for the values of E and Ra considered. These results are 
shown in Figures 2a-c corresponding to E = 3,5  and 8 , respectively. In these bifurcation 
diagrams we plot the pairs of Nusselt numbers, Nu, corresponding to the (+) and (-) motions as a 
function of Ra, from computations performed on various uniform grids (21~21~23x23 and 
25x25). The Figures show virtually no grid-dependence of Nu. Figures 2a and 2b each includes a 
supercritical branch emanating from exactly the eigenvalue predicted by linear analysis; 352.7 and 
185.4, respectively. The subcritical range, which is extremely short when E = 0, is seen to 
increase to about 5.6% and 17.2%, respectively. When E is increased to 8 we lose the 
supercritical branch and instead we compute a pair of subcritical motions. Although we were 
unable to construct steady 4-celled solutions, the picture of coexisting nonlinear solutions can and 
is expected to get more complicated with increasing Ra and E. 
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