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Summary:  Previous analysis of the magnetic spec-

trum of Mars showed only a crustal source field [1].  
The observational spectrum was fairly well fitted by 
the spectrum expected from random dipolar sources 
scattered on a spherical shell about 46 ± 10 km below 
Mars’ 3389.5 km mean radius.  This de-correlation 
depth overestimates the typical depth of extended mag-
netized structures, and so was judged closer to mean 
source layer thickness than twice its value. 

To better estimate the thickness of the magnetic 
crust of Mars, six different magnetic spectra were fitted 
with the theoretical spectrum expected from a novel, 
bimodal distribution of magnetic sources.  This theo-
retical spectrum represents both compact and extended, 
laterally correlated sources, so source shell depth is 
doubled to obtain layer thickness.  The typical mag-
netic crustal thickness is put at 47.8 ± 8.2 km.  The 
extended sources are enormous, typically 650 km 
across, and account for over half the magnetic energy 
at low degrees.  How did such vast regions form? 

Observational Spectra:  The magnetic spectrum 
of a planet is the mean square magnetic induction con-
figured in spherical harmonics of degree n, averaged 
over a sphere of radius r containing the sources [2], 

                                         n 
Rn(r)  =  (n + 1)(a/r)2n+4   Σ  [(gn

m)2 + (hn
m)2].     (1) 

                                      m=0 
Here a denotes reference radius and (gn

m, hn
m) the 

Gauss coefficients of degree n and order m in a 
Schmidt-normal spherical harmonic expansion of the 
scalar potential V: B = -∇V.  Observational spectra are 
calculated from coefficients obtained via harmonic 
analysis of either measured data [3], binned data [4, 5], 
a map of such data [6], or fields from equivalent source 
models fitted to such data [7, 8].  These spectra differ, 
especially for n > 50, for each comes from a different 
analysis of variously selected MGS-MAG/ER meas-
urements of the vector magnetic field around Mars.   

Theoretical Spectra:  Consider a thin crust with 
compact, effectively dipolar, sources.  If we expect 
dipole positions to be uncorrelated, random samples of 
a uniform distribution on a spherical shell of radius rx < 
a, and vector dipole moments to be vertical, uncorre-
lated, random samples of a zero mean distribution, then 
our expectation spectrum from an ensemble of such 
random radial dipoles on a shell is [1, 9]  

 
{Rn(a)}ssr  =  A n2 (n + 1) (rx/a)2n-2.                      (2) 

Amplitude A is proportional to the mean square mo-
ment of these sources.  Spectrum (2) increases with n at 
low degrees, peaks near n = 3/2ln(a/rx), and falls off 
exponentially at high degrees.  The cubic modulating 
polynomial is n/(n + 1/2) times that expected from ran-
domly oriented dipoles, which is important for n = 1. 

More realistic theoretical spectra, which allow for 
crustal thickness, oblateness and magnetization by a 
planet centered paleo-dipole, have been derived and 
discussed; so have important spectral effects of later-
ally correlated sources [1, 9]. The latter were described 
via an ensemble of vertically and uniformly magnetized 
spherical caps.  The main effect is to soften the ex-
pected spectrum at high degrees.  We tend to over-
estimate source shell depth when this effect is omitted.  

To include this effect simply, size and magnetiza-
tion distribution functions for extended sources are 
recast as the characteristic half-angle ψ0 (hence diame-
ter) and mean square total moment {T2} for an ensem-
ble of vertically and uniformly magnetized spherical 
caps on the shell of radius rx.  The resulting theoretical 
expectation spectrum is 

 
{Rn(a)}sc  =  B (n/2) [Zn(ψ0)]

2 (rx/a)2n-2.              (3) 
 

Amplitude B is proportional to {T2} and, in terms of 
the Schmidt-normal associated Legendre polynomials 
Pn

m(cosψ),  Zn(ψ)  =  sinψ Pn
1(cosψ)/[1-cosψ].   

Limited insight into spectrum (3) can be gained 
from its finite Taylor expansion in ε = 1 - cosψ0, a 
quantity proportional to the characteristic area of small 
source regions.  To first order in small ε,  

 
{Rn(a)} sc  ≈  B n2 (n+1) (rx/a)2n-2  
                            × [1 - (ψ0

2/4)n(n+1)].              (4)  
 

For small caps and moderate degrees nψ0 << 1, the 
partial derivatives of the logarithm of spectrum (4) 
with respect to B, rx, and ψ0 are nearly proportional to 
1, n, and -n2, respectively.  Separation of a small char-
acteristic source size from amplitude and depth should 
thus be straightforward, unlike separation of amplitude 
from layer thickness.  The negative sign of the partial 
w.r.t. ψ0 describes a softening of the spectrum due to 
the small, but non-zero, area of extended sources. 

The spectrum expected from a bimodal distribution 
of both compact and independent extended sources is 
given by the sum of spectra proportional to (2) and (3).  
Because  [Zn(0)]2 = 2n(n + 1), this sum is just 
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{Rn(a)}  =  A n2 (n + 1) (rx/a)2n-2    
                          × (1 +  [B/A][Zn(ψ0)/Zn(0)]2).    (5) 
 
Method:  Spectral parameters are estimated by a 

least squares fit of log-theoretical to log-observational 
spectra from degree nmin to nmax.  In practice, log-
observational spectra for Mars exhibit positive excess 
curvature for degrees 20-40.  This is not because the 
dominant extended sources have ‘negative areas’, per-
haps reflecting impact demagnetization, but because 
they are so large that small cap linearization (4) fails.  
Inclusion of higher order terms can help solve the non-
linear inverse problem, yet with too small a trial value 
for ψ0, the positive slope of the objective function near 
ψ0 = 0 leads iterative linearized solutions astray.  And 
values of [Zn(ψ0)/Zn(0)]2 depend strongly on ψ0, so 
convergence from even a good guess of ψ0 can be slow.   

The closest fits of bimodal spectrum (5) to log-
observational spectra are instead found by sweeping 
through trial values of both relative amplitude B/A and 
ψ0; for each pair, a linear system is solved for optimal 
logA and log(rx/a)2.  Four sweeps of ever finer resolu-
tion are usually enough to locate the minimum sum of 
square residuals per degree of freedom, denoted S4

2, to 
six digits, and optimal B/A and ψ0  to three digits.   

Results:  Results are presented from analyses of 
spectra denoted FSU from [3], MG2 from [4], MG4 
from [5], JEC from [6] (courtesy of J. Arkani-Hamed), 
P87 from [7], and LPM from [8].  Analysis of a non-
observational spectrum from a constrained magnetiza-
tion model [10] revealed much about model assump-
tions, but nothing about the magnetic crust of Mars.  
Care is needed to account for different reference radii. 

The four spectral parameters estimated give: source 
shell depth z = (3389.5 - rx) km, regarded as half the 
typical thickness of Mars’ magnetic crust; cap half-
angle ψ0, hence typical breadth of extended sources; 
amplitude A for compact sources; and relative ampli-
tude  B/A  for extended sources.   Table  1  lists  results 

 
Table 1: Results from Analysis of FSU Spectrum [3] 
  n       decorr.      S2

2    S4
2    z B/A   ψ0  

            depth    %          %        km   - deg. 
 
1-90 42.9 13.74   9.01  26.2 1.96 6.50 
2-90 40.1   7.83   4.84  25.5 1.48 5.78 
3-90 38.8   6.83   4.42  25.4 1.33 5.57 
6-90 37.1   6.28   4.43  25.4 1.24 5.46 
1-50 70.4 16.36 15.01  36.5 1.48 6.70 
2-50 62.3   8.36   7.48  26.3 1.51 5.85 
3-50 59.3   7.48   6.73  19.4 1.67 5.49 
 
results from analysis of the FSU spectrum [3].  The 
first column shows range of degrees fitted.  The second 

and third give de-correlation depth and the sum of 
squared residuals per degree of freedom, S2

2, from the 
2 parameter fit of spectrum (2).  The remaining col-
umns give S4

2, z in km, B/A, and ψ0 in degrees from the 
4 parameter fit of spectrum (5).  Omission of R1 halves 
the sum squared residuals.  This is in part due to non-
radial sources, though external fields are a concern [4].        

For all observational spectra and all degree ranges 
analyzed, bimodal spectrum (5) gives a slightly better 
fit than does spectrum (2) for radial dipoles alone; in 
short, S4

2 < S2
2.  Source depth z is positive definite and 

is indeed about half the de-correlation depth.  More-
over, ψ0 ≈ 5.5°.  Extended sources are enormous, typi-
cally 650 km across, and account for over half the 
magnetic energy in the spectrum at low degrees.   

Considering all six observational spectra in plausi-
ble degree ranges recommended by the various authors, 
the overall mean source shell depth is 22 ± 9 km; how-
ever, most of the scatter comes from spectrum MG4, 
which suggests a shell depth of but 7 km instead of 22 
km.  It can be argued that the correlative technique 
used to obtain that model [5] retains signal from broad 
scale sources, but filters out under-sampled signal from 
compact sources (B/A ≈ 2.3 instead of 1.7).  If so, then 
broad scale sources are shallower than compact 
sources.  Exclusion of 1σ outliers nonetheless yields a 
typical magnetic crustal thickness of 47.8 ± 8.2 km.  
The typical area of extended sources remains 330,000 
km2..  This poses a fundamental question: how did such 
vast regions of roughly uniformly magnetized crust 
form?  Recent magnetic maps [11, 12] help distinguish 
among some very different answers. 
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