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Introduction: Previous surface stress models for 
Europa have treated the ice shell as purely elastic. 
However, the properties of Europa’s ice shell vary 
when being forced on different time scales (periods). 
The ice shell behaves largely elastically during rapid 
diurnal motion; during slow deformation, as caused 
from non-synchronous rotation (NSR), the lower 
warmer ice shell acts viscously (fluid-like). Thus, over 
long time scales, viscous effects reduce stresses 
overall. We employ a model that encompasses 
Maxwell solid rheology, and two sets of period-
dependent Love numbers, to calculate surface stress as 
a function of both diurnal and NSR time scales.  

Viscous Parameters: To study the viscous 
behavior, we have modified a method that explicitly 
solves for Europa’s deformation as the satellite is acted 
upon by both diurnal and NSR stress fields [1,2]. 
Using derived Europa-specific degree two Love 
numbers, along with gravitational potential theory, 
surface displacement vectors are found. These vectors 
are used to find the strain tensor, which is multiplied 
by the shear modulus to find the components of the 
stress tensor. This tensor is diagonalized to obtain two 
eigenvectors and two eigenvalues (the direction and 
magnitude of the two stresses σ1 and σ2) for each point 
on the surface.  

This model can be used to calculate the stresses on 
the surface of Europa at an arbitrary amount of NSR, 
with or without added diurnal stress. To incorporate 
viscous behavior, the stress equations must be 
expanded to include Maxwell solid rheology. This 
expansion includes substituting complex Love 
numbers l and h into the elastic stress tensor. The 
Lamé parameters µ (shear modulus) and λ,  describing 
Europa’s interior behavior, also need to be replaced 
with complex terms [3], specifically: 
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where η is viscosity and ω is the forcing frequency.  
We divide the ice shell into two layers, higher 

viscosity above (a proxy for elastic behavior) and 
lower viscosity below. The viscosity and thickness of 
these ice layers are input parameters when calculating 
Love numbers. Because these parameters depend on 
the external forcing period (diurnal or NSR), two sets 
of Love numbers are used to properly characterize the 
ice shell's response on each time scale. In Fig. 1, a set 
of Love numbers is plotted as a function of forcing 
period. The example shown is for an ice shell of 20 km 
total thickness, with a top ice layer 8 km thick and 

viscosity 1019 Pa s, and a bottom ice layer 12 km thick 
with viscosity 1014 Pa s.  

The peaks observed in the imaginary Love numbers 
are the natural modes of the gravity-dependant decay 
time of the ice shell, which arise in the case of a non-
homogeneous interior. The modes near 101 and 106 dy 
are close to the Maxwell relaxation time τM for ice 
viscosities of the two layers, 1014 and 1019 Pa s, 
respectively. These modes are faster than expected for 
the gravity-dependant relaxation time; however, the ice 
layer is thin in comparison to the satellite radius, so 
self-gravity has little to no effect on the retardation of 
the ice relaxation time. Therefore, the resonance 
relaxation times of the ice at these modes approach 
their respective τM values.  

 

 
Fig. 1. Real and imaginary Love numbers for l2 (top) 
and h2 (bottom) vs. forcing period. Solid curves are 
real components, and dashed are imaginary. 
 

Physically, the imaginary Love numbers represent 
the viscous stress dissipation. When a system is forced 
at a natural mode, an optimal resonance for stress 
dissipation exists. We note that the imaginary Love 
number peaks are directly linked to the sharp increase 
in the real Love number components. The increase in 
the real Love number implies more fluid-like behavior, 
and more stress reduction. The complex shear modulus 
and Lamé parameter also both depend on the forcing 
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frequency ω, so differ on the non-synchronous and 
diurnal time scales.  

Visco-Elastic Stress: The derived stress tensor 
consists of a real and imaginary part. It is then 
multiplied by 

! 

e
i" t  and the real part is used in the 

stress calculation. The surface stress of a visco-elastic 
ice shell will be less than previously calculated for a 
purely elastic ice shell.  

As an example, we compute visco-elastic stresses 
using the values in Table 1. The NSR Love numbers 
are calculated assuming a period of 107 dy = 2.7 x 104 

yr and the same viscosity assumptions as in Fig. 1. The 
corresponding λ = 6.8 x 106 Pa and µ = 3.5 x 109 Pa.  

The visco-elastic stresses differ from the elastic 
case in stress magnitude and (subtly) in stress pattern. 
Fig. 2 depicts the relative ratio of visco-elastic to 
elastic stresses for 5o of NSR and no diurnal stress (i.e. 
orbital eccentricity assumed zero) across the trailing 
hemisphere of Europa, truncated at ratios greater than 
±2.  The northern half of the plot shows the ratio for 
σ1, defined here as the greatest tensile stress, and the 
southern hemisphere shows the ratio for σ2, the least 
tensile (greatest compressive) stress. The displayed 
ratio has an upper cutoff of 2, and negative ratios 
imply that stress pattern has changed from 
compressive (negative) to tensile (positive) stress. 
 

 
 

 

Fig. 2. Relative stress magnitude ratio of the visco-
elastic to elastic surface stress (truncated at ±2) 
assuming 5° NSR and no diurnal stress. Ratio for σ1 
(defined here as greatest tensile stress) is illustrated 
for the northern hemisphere and σ2 (greatest 
compressive stress) for the southern hemisphere; both 
are mirror-symmetric across the equator. Viscous 
stress reduction is greatest where stress magnitude is 
greatest. Some stresses change sign from compressive 
to tensile, as illustrated by negative ratio values.  

Table 1. Love Numbers 
 hr hi lr li 

elastic 1.1780 – 0.2870 – 
V-E diurnal 1.1906 0.0017 0.3089 0.0008 
V-E NSR 1.2551 0.0057 0.3401 0.0050 

 
In the equatorial region, where stress is greatest, 

stresses are reduced most in the visco-elastic case. The 
period dependent shear modulus has the greatest effect 
on the magnitude dissipation because at NSR time 
scales, µ is reduced significantly. Moreover, 
compression (least tensile) regions are reduced by up 
to 10° in latitudinal extent. The stress pattern is 
affected most by the change in Love numbers, which 
differ notably between the elastic and visco-elastic 
cases (Table 1).  

Implications: Proper modeling of long-period 
stresses on Europa’s surface, such as from NSR, 
requires incorporation of period-dependent Love 
numbers and Maxwell terms. Visco-elastic surface 
stress can be reduced significantly relative to purely 
elastic stress at NSR time scales, and surface stress 
patterns are altered slightly. Because they act on a 
short period, diurnal stresses are not significantly 
affected by viscous effects. Thus, the ratio of diurnal to 
NSR stress is increased by consideration of visco-
elastic effects. These effects are therefore important 
when considering the stresses that induce failure of 
Europa’s surface, and the patterns of stress which 
create lineaments.   
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