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THE COMPARISON OF SINGLE-SCATTERING ALBEDOS FROM MIE CALCULATIONS WITH
HAPKE ESTIMATES. G. B. Hansen, Department of Earth and Space Sciences, University of Washington, Box
351310, Seattle, WA 98195-1310 (ghansen@ess.washington.edu).

Introduction: Large discrepancies in water ice
grain size estimations are found from spectra of the Sat-
urnian satellites (e.g., my models of Cassini Visual and
Mapping Spectrometer (VIMS) spectra of Enceladus
have grain radii of about 5 µm [1], while others model
grain radii of 20–30 µm [2]). These differences have
encouraged me to study the models used to fit the spec-
tra. In particular the calculation of the single-scattering
albedo, a property of the individual water ice grains,
from water ice optical constants. I believe that the dif-
ferences must come from the single-scattering calcula-
tion rather than the bidirectional scattering models used
(see Giuranna et al. [3], who use Mie values as input to
a discrete ordinate model [4] and the Hapke [5, 6]
model with similar results).

Definitions: A particle has an extinction efficiency
defining the amount of light scattered or absorbed by
the particle relative to the light intercepted by its physi-
cal cross-section. The extinction efficiency is divided
into two parts, scattering and absorption. The single-
scattering albedo, w, is the ratio of the scattering effi-
ciency to the extinction efficiency; it is one if the parti-
cle scatters all the light it intercepts, and zero if it
absorbs all the light.

For spherical particles and particles with some other
simple geometries, the particle cross sections can be
calculated exactly by summing convergent series; for
spheres, this is called the Mie series. For very small
particles, the Mie series converges very quickly; larger
particles take successively more terms. The series accu-
rately predicts the behavior of particles in the Rayleigh
limit of small size. If the particle is several times the
length of the light waves, the Mie extinction efficiency
is two, and w is never less than 1/2, because the area
outside the physical cross-section has only diffracted
light that is never absorbed. This diffracted light is scat-
tered only into directions very close to the forward
direction. Hapke [5] reasonably argues that the diffrac-
tion of light makes no sense in close-packed particles
and that the extinction cross section should be adjusted
to one and the diffracted light combined with the illu-
minating beam.

Anyone working with simplified radiative transfer
problems has a similar dilemma, in that the diffracted
light is a large peak in the forward direction and distorts
the scattering distribution until it is resolved into 100
streams or more. To work restricted stream scattering
models, methods were devised to remove the diffracted
light into a delta function in the forward direction

(essentially moving it back into the illuminating beam).
For two stream models this is called δ-Eddington; for
more streams there are similar mathematical
approaches. I will show that δ-Eddington corrected Mie
w’s vary from zero to one just like the estimates of w
from Hapke theories.

Calculations: Optical constants (n + ik) for water
ice at a temperature of 110 K over the wavelength range
of about 0.3 to 5.5 µm (comparable to Cassini VIMS)
were used. The 0.97–2.73 µm data are from Grundy
and Schmitt [7], while the shorter wavelengths are
slightly shifted data from Warren (265 K) [8] and the
longer wavelengths are compiled from several sources
measured near 150 K given in [9].

The Mie calculations were made with code from
Warren Wiscombe [10], and the δ-Eddington correction
for w described in [11] was applied. Two Hapke esti-
mations of w were calculated. The first was the
“ESPAT” slab model taken mainly from [5], but includ-
ing a scattering approximation not given until [6]. The
slab model is not applicable where k is large, so these
results will not be compared in the 3-µm region. For the
slab model w ~ 1 / (αDR(n) + 1), where α is the linear
absorption coefficient 4πk/λ, D is the particle “diame-
ter”, R(n) is a reflection function of n, and λ is the
wavelength. The second Hapke approximation is based
on a treatment in [5] and [6], expanded in [12], that has
many variables related to internal scatterers and other
phenomena. A simpler expression for the reflection
properties was used than in [12] that is only important
in regions of saturation and near 3 µm. With many of
the special variables zeroed out, w ~ R + (1 - R)
exp(-2αD/3). This will be referred to as the “Melamed”
model. Note that this expression has an exponential
dependence on αD while in the slab model it is recipro-
cal.

Results: Figure 1 shows the calculated w from the
three methods for a grain radius of 10 µm (D = 20 µm).
Here, it can be seen that the slab model is very close to
the Mie result, representing a slightly smaller grain size
in the 1.5- and 2.0-µm bands, but overall very similar.
The Melamed results seem to indicate a much smaller
grain size (in fact 2–3 times smaller than for Mie). Note
that the slab model is unable to represent the 3.1-µm
reflection peak, where k is very large, as expected.

To display the discrepancies for several grain sizes,
the Hapke models were calculated over a finely-spaced
range of particle sizes and interpolated at each wave-
length the model grain size that matches the Mie w.



Lunar and Planetary Science XXXIX (2008) 2104.pdf
This was done for 4 grain radii (1, 10, 100, and 1000
µm) and normalized to the grain size, so the errors
become relative. These results are shown in Figures 2
(slab) and 3 (Melamed). The slab model fits best at 10
µm, where it is within about 10% except near 3 µm,
The 1-µm fit shows the steeply-sloped Rayleigh effects
from the Mie that are not modeled by a slab. The larger
grain sizes do not fit the high saturation levels of the
Mie result, so they seek lower grain sizes to raise the
level (it is best to look at the continuum wavelengths
(below 1.2, 1.8, and 2.2 µm) where there is an upward
slope to 2 or more times the Mie size at 2.2 µm. All the
sizes are <1.2 times Mie at the shortest wavelengths (a

very good estimation). The Melamed model is much
worse at mimicking the Mie results. The continuum
wavelengths show a consistent discrepancy of 2.5 to 3
times in grain radius, while the smallest and largest
sizes show the inability to match Rayleigh effects and
saturation continuum levels similar to the slab model.

Conclusions: The Hapke approximations to single-
scattering albedo, when applied to water ice, show var-
ied discrepancies with Mie results, with a simple slab
model being most accurate and the commonly used
Melamed model [12] showing differences of a factor of
2.5 to 3 in grain size. There is an uncertainty in the
effective size for the slab model of 3/4 to 4/3 (where I
use 1), so adjusting this could get the slab model to
match Mie even better. Since the discrepancies in the
Melamed model are in small k, the multiplier of α  in
the exponential must be modified to make a better fit. I
would recommend just using a simple Mie calculation
to properly include all effects.
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Figure 1.  Single-scattering albedos estimated by
Hapke slab (green) and Melamed (blue) models, com-
pared to Mie (red) results.
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Figure 2.  Relative slab w grain size necessary to match
Mie w for 4 different grain radii given in the caption.
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Figure 3.  Relative Melamed w grain size necessary to
match Mie w for 4 different grain radii given in the
caption.


