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Introduction: Advances in analytical instru-
mentation has made it possible to measure the
spatial variation of the isotopic composition of
trace elements in geochemical systems with high
resolution. These measurements, when com-
bined with a detailed understanding of factors
that lead to isotopic fractionation, can be used
to infer the physical conditions experienced by
geochemical systems and planetary bodies. Re-
cently, it was demonstrated that subjecting basalt
to high temperature gradients produces large iso-
topic fractionations of Mg and Ca[1, 2]. These
observations were modeled using an empirical
Soret-binary diffusion model. This curious phe-
nomenon led us to attempt to understand the ori-
gins of isotopic fractionation in these high tem-
perature systems from a more fundamental per-
spective.

Here we will show that the isotopic fraction-
ation of elements in thermal gradients are due
to small differences in their zero-point energies.
These findings represent a fundamental advance
in understanding the fundamental process gov-
erning elemental and isotopic fractionation in
geochemical and cosmochemical systems.

Diffusion as a Hopping Process: Diffusion
constants in solids are typically represented as
Arrhenius-like functions of temperature:

D(T ) = D0 exp(− Q

kbT
) (1)

where Q is the activation energy of the process,
kb is Boltzmann’s constant, T is the temperature,
and D0 is a prefactor which is theoretically given
by: D0 = a2

0
τ , where a0 is the lattice constant and τ

is the lifetime of the diffusing species in a trapped
state. The activation energy Q, in the case of trace
element diffusion, is conventionally interpreted
as representing the energy required dislocate the
diffusing species from an interstitial site. This en-
ergy is provided by the background of phonons
that are in thermal equilibrium with the diffus-
ing species and the exponential term in equation
1 is interpreted to be analogous to a Boltzman fac-
tor describing the probability that the diffusing
species is found with an energy Q compared to
its ground state. Using a quantum mechanical toy
model of condensed phases, we developed a sim-

Position

P
ot

en
ti

al
E

n
er

gy

Energy Landscape (1D)

Site 1 Site 2

Ee

h̄ω26

h̄ω24

E24
a

E 26
a

Figure 1: Energetic landscape for diffusion in 1-D.
Ee is the electronic energy andEa is the activation
energy for a particular state given by equation 3

ple diffusion model for determining the isotope
specific diffusion in high-temperature geochemi-
cal systems[3]. Here we briefly describe the gen-
eral approach and results.

Isotope Resolved Diffusion: A simple hop-
ping model of diffusion in condensed systems
can be used to express the hopping probability of
an individual species in a condensed system and
is given as:

P (mi, T ) =
√

κ

mi
× exp

− (Ee − ZPE(mi))
kbT

(2)

where Ee is the electronic energy height separat-
ing two sites for the diffusing species. While iso-
topes of a given element are expected to experi-
ence essentially the same potential energy envi-
ronment (neglecting spin), classical diffusion pre-
dicts that isotopes have identical activation ener-
gies. Quantum mechanics, however, predicts that
these trapped species have a finite zero-point en-
ergy (ZPE(mi)) given by:

ZPE(mi) =
h

2

√
κ

mi
(3)

where κ = d2U(x)
dx2 evaluated at x = 0 and U(x) is

the potential energy landscape along the reaction
coordinate x, and mi is the mass of the diffusing
species. Equations 2 and 3 suggest that isotopes
of a given element are expected to have small dif-
ferences in their diffusion constants due to dif-
ferences in the ZPE. In addition, unlike Soret-
diffusion formulations of isotopic fractionation,
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Figure 2: Comparison of temperature dependent
diffusion model and observed isotopic fractiona-
tion of Mg in silicate. Best fit to the observations
was provided by Ee = 2.41 eV and E24

a = 1.95 eV
and E26

a = 1.97

the diffusion constant of isotopes is expected to
have an exponential dependence on temperature,
making it sensitive to small differences in ZPE
even at high temperatures (T>1000 oC).

Numerical Modeling Mg and Ca in a Ther-
mal Gradient:To model the diffusion data pre-
sented in [1] and [2], we first estimated the elec-
tronic energy Ee using the diffusion constant of
elemental Mg in solids at T = 1480oC and assum-
ing a lattice spacing a0 = 0.5nm. For a given Ee,
this procedure allowed us to solve for νi and com-
pute the steady-state fractionation in the basalt
experiments of[1, 2]. The diffusion model was
run for different values of Ee until the best fit to
the experimental data was found. We emphasize
that this procedure is equivalent to changing the
activation energy for the major isotope and scal-
ing the activation energies of other isotopes using
equation 3.

Results and Discussion:We found that an
electronic energy barrier of Ee = 2.41 eV and cor-
responding activation energies of E24

a = 1.95 eV
and E26

a = 1.97 eV provided the best agreement
with the observations of [1]. These values for Ee
and E24,26

a imply that a ∆ZPE of 0.02 eV explains
the Mg isotopic fractionations. These model
results and the data from [1] (experiment SRT-4)
are shown in Figure 2. The converged isotopic
fractionation in a thermal gradient is sensitive to
the electronic energy as shown in Figure 3.

An independent test of the simple diffusion
model presented here is the ability to predict the
isotopic fractionation of Ca in these experiments.
Assuming that Ca in the same system is subject
to the same potential energy landscape as Mg, we
used the values for Ee and κ to calculate the ZPE
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Figure 3: Comparison of temperature dependent
diffusion model with different Ee and data from
[1].
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Figure 4: Modeling the isotopic fractionation of
Ca isotopes in a thermal gradient using the best
fit values of Ee found for isotopes of Mg.

and activation energies of 40Ca and 44Ca in this
system. The steady-state fractionation for 40Ca
and 44Ca and their comparison to the experimen-
tal data by [2] are shown in Figure 4. We find very
good and self-consistent agreement between the
model and experimental data.

We have shown that zero-point energy differ-
ences of isotopes in a high temperature geochem-
ical system can lead to isotopic fractionations.
This model represents a fundamental advance in
our understanding of the isotopic fractionation
of elements in high-temperature geochemical sys-
tems. We note that these results are potentially
be very relevant for understanding variations in
δ26Mg, δ44Ca, and other isotopic systems in plan-
etary materials. Details of the analytical and nu-
merical techniques can be found in [3] including
a detailed discussion of the relationship between
equation 2 and transition state theory (TST).
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