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Introduction:
The power dissipated by tidal deformations within

a body varies with latitude and longitude and depth, as
Kaula already observed in 1964 [1]. While the total
dissipated power is the quantity of utmost interest for
the orbital dynamics and global thermal state, spatial
variations in the dissipation rate are also of great inter-
est in planetology. For instance they have been used
in order to predict the distribution of volcanism on Io
[2, 3], the thickness variations of the ice layer on icy
satellites [4], or the tectonic patterns on Mercury [5].
A point of special interest is the possibility of using
surface heat flux patterns in order to constrain the in-
ternal structure [6].

At a given point within the planet, the power dissi-
pated by tides per unit volume is

P (t) =
∑
i,j

σij(t)
d

dt
εij(t) , (1)

where σij(t) are the stresses and εij(t) are the strains.
The standard procedure [7, 2, 8] for the computa-

tion of the power consists in:
1. averaging the power over time after having ex-
panded the stress and strain in Fourier series,
2. assuming a type of rheology so that the stress can
be expressed in terms of the strain,
3. modeling the body as spherically concentric layers
(physically relevant parameters are the density, shear
modulus µ, compressibility and viscosity η),
4. solving the equations for the deformation of the
body, so that the strain can be computed at every point
(r, θ, φ) in terms of the external tidal potential and the
six radial functions yi(r) describing the response of
the body [9],
5. computing the power at every point by summing
over all terms in Eq. (1).

We assume here that the tides are of degree 2, oper-
ate at only one angular frequency ω and that the rheol-
ogy is of the Maxwell type with non-dissipative com-
pressibility. If these assumptions are modified, there is
no difficulty in adapting the formulas given below.

Factorization in radial and angular parts:
Until now, the power had to be computed at every

point since first and second derivatives of the tidal po-
tential with respect to θ and φ appear in various com-
binations. We know however that the final result is a
scalar under rotations, which implies that the deriva-
tives should combine into scalars. Tensor calculus ac-
tually allows us to write the dissipated power in terms

of three scalar fields:

|Φ|2, ∆|Φ|2, ∆2|Φ|2 , (2)

where ∆ is the spherical Laplacian with eigenvalues
−`(` + 1) (` is the harmonic degree) and Φ is the
positive-frequency coefficient of the Fourier-expanded
tidal potential. Since Φ is only of degree 2, |Φ|2 can
be expanded in spherical harmonics with ` = 0, 2, or
4 so that ∆|Φ|2 and ∆2|Φ|2 can be analytically com-
puted. The angular functions are multiplied by real
radial functions that depend on the internal functions
yi(r).

Though very simple, the basis (2) is not convenient
for the prediction of spatial patterns because of com-
pensations between the three terms. We thus choose to
group the terms differently so that the multiplying ra-
dial functions have very different magnitudes in very
different interior models. The time-averaged power
becomes

P̄ = P̄0 +
2ω
r2

Im(µ) (fAΨA + fB ΨB + fC ΨC) ,
(3)

where P̄0 is a constant (see below). Let |Φ|2 be the
mean of |Φ|2. The angular functions are

ΨA = |Φ|2 − |Φ|2 ,
ΨB = (∆ + 12) ΨA , (4)
ΨC =

(
∆2 + 22∆ + 48

)
ΨA .

The radial functions are

fA = 2|ry′
1|2 + |2y1 − 6y3|2 −

2
3
|ry′

1 + 2y1 − 6y3|2

fB =
|ry4|2

2|µ|2
, (5)

fC =
|y3|2

2
,

where y′
1 is the derivative of y1 with respect to r. If the

body is incompressible, fA is equal to 12|y1 − 3y3|2.
In Eq. (3), P̄0 is the spatially uniform part of the

time-averaged potential:

P̄0 =
2ω
r2

Im(µ)Hµ |Φ|2 . (6)

The radial function Hµ depends on the yi and coin-
cides with the sensitivity parameterHµ obtained in [8]
with variational methods. The classical formula for
the total power dissipated within a synchronous satel-
lite [2] is obtained by integrating P̄0 over the volume.
The integral of Im(µ)Hµ can be related to Im(k2) with
Eq. (35) of [8]. The angular functions ΨA,B,C do not
contribute to the volume-integrated power since they
have zero mean.
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Spatial patterns:
At any depth, the dissipated power is described by

a linear combination of the angular functions ΨA,B,C .
In applications, one often assumes radial transport of
the dissipated power to the surface, in which case the
surface heat flux is given by

∫
dr(r/R)2P̄ . The spatial

variations of the surface heat flux are then given by
the angular functions ΨA,B,C with weights obtained
by integrating the radial functions fA,B,C . Therefore
the pattern of the surface heat flux is characterized by
three numbers.

The three spatial patterns ΨA,B,C are illustrated
in Fig. 1 for a body in synchronous rotation. Pat-
terns A and B have a significant component of degree 4
whereas Pattern C has nearly none. Though the true
spatial pattern is a superposition of the three patterns,
one pattern often dominates because of the very dif-
ferent dependences of the functions fA,B,C on the yi.

As a first example, we have recomputed the two
models proposed for Io in [2, 3]. Dissipation mainly
occurs in the mantle for Model A and in the astheno-
sphere for Model B, leading to Pattern C in the former
case and Pattern B in the latter (see Figs. 8 and 10 in
[2]). The weights of the different patterns are listed in
Table 1.

Model qA qB qC
A 0.05 0.09 0.41
B 0.001 0.39 0.0002

Table 1: Heat flux at the surface of Io: weights of
Patterns (A,B,C). The heat flux is expressed as q =
q0(1+qAΨ̂A+qBΨ̂B +qCΨ̂C). The ‘’hat’ on the an-
gular functions means that they are normalized by their
RMS. For Model A, µ= 1010 Pa and η= 1015 Pa.s in
the mantle. For Model B, µ=107 Pa and η=1010 Pa.s
in the asthenosphere. Values of other parameters are
given in [2].

As a second example, we compare Patterns (A,B,C)
with the patterns computed in [8] for a large icy
satellite. Pattern C represents well the maximum
dissipation rate in the rocky interior and the heat
flux through the mantle surface (Figs. 6a,b,c,g,h,i in
[8]). The dissipated power at the top of the mantle
is a superposition of Patterns C and A, the former
dominating for a homogeneous interior and the latter
dominating if the core has a low density (Figs. 6d,e,f
in [8]). Regarding the dissipation in the ice layer,
Models 1/2/3 in [8] yield Patterns B/C/B at the bottom
of the layer and Patterns A/C/A at the top of the layer
(see their Fig. 10).

Figure 1: Spatial patterns of tidal heating of a body in
synchronous rotation, given by Eqs. (4), each normal-
ized by its RMS. Contours range from −2 (deep blue)
to +2 (deep red) with an interval of 0.5.
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