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Introduction: There is a lingering belief that the 

standard continuum Mohr-Coulomb (MC) failure the-
ory is not adequate for all aspects of granular flow 
problems, especially for the latter stages of the forma-
tion of large craters and of landslide collapse problems. 
Those beliefs are based on the fact that the final sur-
face slopes in these problems are often well below the 
angle of repose of the material. Many researchers have 
used that fact to suggest a need for lubrication or flu-
idization mechanisms that create a reduced angle of 
friction.   

Here I show those beliefs to be false. The reason 
for them is attributed to assumption that failures using 
the MC theory cannot occur with surface slopes θ less 
than the angle of repose.  In fact, failure may occur at 
any surface slope less than the angle of friction φ.  Fur-
thermore, the angle of repose is a static concept, in 
dynamic problems the local acceleration must be com-
bined with the local gravity vector in order to assess 
the slope angle α relative to the effective "down" di-
rection. So the effective slope may be temporarily 
much different than the geometric slope. 

Failure Near Static Surface Slopes: A simple 
Mohr's circle yields valuable information about possi-
ble failure states according to the MC theory.  Specifi-
cally, failure does not only depend on the angle of the 
slope, but also on the normal stress on a plane perpen-
dicular to the slope (the "down-slope" stress).   

Near a static free surface slope at angle α , it is 
convenient to use a local x-y coordinate system, with y 
measured perpendicular to the slope, and x in the 
down-slope direction.  Then, using the equations of 
equilibrium, it is easy to find that the two-dimensional 
stresses near the surface are given as: 
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where the factor β defining the down-slope stress σy 
depends on other aspects of the problem.  However, it 
is the value of that β and the slope angle α that deter-
mines the angle to the plane along which failure is 
possible, and failures are possible for any slope angle 
less than the angle of friction φ.  However, among all 
possible β there is no possible equilibrium slope 
greater than the angle of friction.  For example, for the 
angle of friction φ=35˚, a  slope angle α=35˚ is only 
possible if the value of β=1.622, and then a sliding 
failure is possible exactly along the surface slope di-
rection. That case illustrates the well-known angle of 
repose concept. But if the factor β is different than 

1.622, then the maximum possible slope without fail-
ure is less, and may even be zero.   

The following plot depicts, for two specific angles 
of friction φ=23.5˚, φ=35˚, the maximum slopes possi-
ble for different down-slope stress factors.  The two 
values of β  that allow failures for a zero slope (hori-

zontal surface) at the left intersects are known in the 
study of soil retaining walls as the Rankine states [1].  
In that case the factor β relates to the so-called "coeffi-
cient of active stress" [1].  For other slope values there 
are also two down-slope stress values that admit fail-
ures, given by the upper and lower curves (except for 
the furthest point to the right which is for a failure with 
the slope at the angle of friction).  And in those inter-
mediate cases, the failure is not along the slope direc-
tion, but is on a plane either steeper than (the "active" 
stress state), or shallower than the slope angle (the 
"passive state"), as the following figure illustrates. 

Dynamic processes:  In the case of dynamic proc-
esses, the analysis of the failure near a free surface at 
slope θ   can be repeated just as for the static case, but 
the consideration of equilibrium includes a non-zero 
acceleration: div ![ ] + "g # "a = 0 .  Thus, the gravity 
vector g must be replaced by the effective gravity vec-
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tor g-a, according to D'Alembert's principle, to give an 
equivalent static analysis.  Then any surface location 
will have an effective slope relative to the direction of 
this effective gravity greater or less than the geometric 
slope, depending on the direction and magnitude of the 
acceleration.   

The Cliff Collapse Problem:  An exemplary ex-
ample that illustrates these concepts is that of the col-
lapse of a vertical surface (a cliff) of a granular mate-
rial, for which experiments and code calculations are 
available in the literature [2].  The results of a code 
calculation by the author are presented in the next fig-
ure [3], using a friction angle of 35˚.  The results of 
that code calculation are "spot-on" with the experimen-
tal results. The contours illustrate the plastic strain rate 

as the failure progresses.  Note how the failures are 
along planes steeper than the slope at the steeper slope 
locations and less than the surface slope near the more 
shallow surface slopes, creating a "circular arc" failure 
surface, as is often assumed a-priori for the prediction 
of landslides [1]. 

From this solution, the acceleration of each point 
near the surface can be determined, and the effective 

slope using both the downward gravity and local ac-
celeration can be found.  For a single location at the 
surface the effective slope versus the geometric slope, 
as time progresses to the right, is shown above. 

At the early times at the left, the geometric slopes 
are much larger than the angle of friction φ=35˚, but a 
down and rightward  acceleration is created so that the 
effective slopes are always less than 35˚.  And for the 
latter times of the run out of this problem,  the geomet-
ric slopes range as low as  10˚, but the lateral accelera-
tion (slowing) is sufficient to make the effective slopes 
on the order of 25-30˚. 

The results of a detailed analysis of this calculation 
show that  1.) The effective slope must account for the 
local acceleration.  2.) No effective slope may be 
greater than the angle of friction. 3.) At the steeper 
surface locations, the stress state is in the "active" con-
dition, and the failures are along a slope steeper than 
the surface. 4.)  At the shallow slope locations, the 
stress state is in the "passive" condition and failures are 
along surfaces with a slope shallower than the geomet-
ric slope.  These latter two results are responsible for 
the "circular-arc" failure surface in the problem.   

Thus, the MC theory correctly predicts slope col-
lapse from the initial vertical 90˚ to a final slope less 
than 10˚.  No fluidization mechanisms need be invoked 
to obtain the extensive and shallow slope run outs. 

Asteroid shapes:  The same idea, that failure can 
only occur with local slopes at the angle of repose, has 
led to efforts to find asteroid shapes which have at all 
surface locations a slope equal to the angle of repose 
[4,5].  In fact there are many shapes that have immi-
nent failure at all points but whose local surface slopes 
are much less than the angle of repose, and whose 
overall shape is a smooth ellipsoid.  The reader is re-
ferred to publications such as [6] of the author many 
such examples. 

Large flat craters:  Again, there is no need to in-
voke late stage fluidization mechanisms to explain the 
transition at large scales of terrestrial and lunar craters 
to increasingly broad and shallow shapes.  The fact of 
shallow final wall slopes does not imply such a need.  
The MC theory allows for continuous collapse to a 
final broad flat shape.  Results of code calculations of 
large impacts will be shown at the conference to illus-
trate this fact. 
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