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Introduction: Viscosity in planetary rings arising from
collision and gravitational interactions between particles
governs the rate of their dynamical evolution and struc-
ture formation. Furthermore, recent studies show that
Saturn’s small moons orbiting just outside the main rings
likely formed by accretion of particles radially spreading
from the ring outer edge, thus the ring’s spreading rate is
also related to the formation of these moons.

The viscosity in Saturn’s rings has been investigated
with both theoretical and numerical approaches. In ear-
lier theoretical studies the viscosity was estimated ne-
glecting mutual gravitational forces between particles
[1,2]. However, local N-body simulations including col-
lision and mutual gravitational forces between particles
[3-6] showed that, in optically thick rings, wake struc-
tures are formed due to their self-gravity. Observations
by the Cassini spacecraft as well as various ground-based
observations show results consistent with the existence
of wake structures. Viscosity in such self-gravitating
dense rings has been studied using local N-body simu-
lations [7]. Numerical results show that the viscosity is
significantly enhanced due to the effect of self-gravity
in dense rings with gravitational wake structures. From
their numerical results, Daisaka et al. [7] derived a for-
mula of the viscosity in self-gravitating dense rings given
by ν ∼ CG2Σ2/Ω3, whereG is the gravitational con-
stant,Σ andΩ are the surface density and angular ve-
locity of the ring, andC is a correction factor that de-
pends on the ratio of particles’ Hill radius to their phys-
ical size. However, the range of parameters studied by
Daisaka et al. [7] was somewhat limited; for example,
they assumed that particles are smooth spheres, and did
not examine effects of surface friction of particles on the
viscosity. Also, they did not examine the viscosity in the
outer part of the rings, where temporary gravitational ag-
gregates can be formed.

In the present work, using local N-body simulations,
we examine viscosity of planetary rings consisting of
spinning, self-gravitating particles for a wide range of
parameters, including the cases of dense rings with tem-
porary aggregate formation.

Method: We adopt the method of local N-body simu-
lation, and use a code based on Daisaka & Ida [5] and
Daisaka et al. [7]. We erect a rotating Cartesian coordi-

nate system with origin at the center of the square simu-
lation cell that moves on a circular orbit with semi-major
axis a0 at the Keplerian angular velocityΩ. We calcu-
late directly gravitational forces between particles using
GRAPE-7, which is a special-purpose hardware for cal-
culating gravitational forces, and orbits of particles are
integrated with the second-order leapfrog method. In the
present work, we assume that all particles have identical
sizes and particle radius is1m. Following Salo [3], in
most cases we set the size of the simulation cell so that
L ≥ 4λcr, whereλcr = 4π2GΣ/Ω2 is the critical wave-
length for axisymmetric gravitational instability.

When collisions between particles are detected, ve-
locity changes are calculated based on the hard-sphere
model including surface friction. Velocity changes are
described in terms of the normal and tangential restitu-
tion coefficients,εn and εt, where0 ≤ εn ≤ 1 and
−1 ≤ εt ≤ 1. (Perfectly smooth spheres haveεt = 1.)
We calculate ring viscosities based on the formulation
derived by Tanaka et al. [8]. Deriving an expression for
angular momentum flux in terms of changes in particle
orbital elements and assuming a quasi-steady state in a
local ring region, Tanaka et al. [8] showed that the av-
eraged viscosity in the ring region can be obtained by
calculating energy dissipation due to inelastic collisions
using N-body simulation.

Results: In the case of tenuous self-gravitating rings, we
found that viscosity is determined by particles’ random
velocity, as in the case of tenuous non-gravitating rings.
Effects of surface friction on viscosity was found to de-
pend on the importance of particles’ mutual gravity rel-
ative to collisions, which can be expressed in terms of
the ratio of the mutual Hill radius of colliding particles
to their physical size(rh). When effects of ring’s self-
gravity is weak(rh ∼ 0.5) and particles’ random veloc-
ity is determined by inelastic collisions, inclusion of sur-
face friction slightly reduces both random velocity and
viscosity. Whenrh ∼ 1 and gravitational encounters
play a major role in particle velocity evolution, inclu-
sion of surface friction results in the increase of viscos-
ity, since the viscous heating increases to balance with
increased energy dissipation at collisions due to surface
friction. However, the degree of enhancement in viscos-
ity due to surface friction is rather small, and we found
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that effects of varying restitution coefficients on ring vis-
cosity are not significant. On the other hand, viscosity
is significantly enhanced in dense self-gravitating rings
where gravitational wakes are formed [7]. We found that
viscosity is larger when collisions are more dissipative,
for example, by inclusion of surface friction. However,
the enhancement of viscosity due to this effect is only a
factor of a few or so, and this is a minor effect as com-
pared to the significant increase due to the effect of gravi-
tational wakes. Following Daisaka et al. [7], we assumed
that the dependence of viscosity on optical depth can be
approximated by that for a self-gravitating disk and eval-
uated the correction factorC using our numerical results
of N-body simulation. We found that the expression for
the correction factor for dense rings with gravitational
wakes is similar to the one obtained by the previous work
[7], the difference of a factor two in the numerical co-
efficient being explained by the difference in restitution
coefficients adopted.

On the other hand, in the case of outer rings where
temporary aggregates are formed due to self-gravity, we
found that the above expression overestimates the vis-
cosity values (Fig.1a), thus we derived a revised expres-
sion for such a case. We confirmed that the set of semi-
analytic expressions we obtained well reproduce our nu-
merical results for the entire range of parameters exam-
ined here (Fig.1b).
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Figure 1: (a) Correction factorC ≡ ν/
(
G2Σ2/Ω3

)
as

a function ofrh. Solid lines with symbols represent re-
sults obtained from our N-body simulation (εn = εn (v),
εt = 0.5, whereεn (v) is the velocity-dependent coeffi-
cient based on [9]) with optical depthτ =0.2 (crosses),
0.5 (triangles), 0.7 (circles), and 1 (squares). Dashed line
represents the relationCwake = 53r5h, which well re-
produces numerical results for rings with gravitational
wakes. (b) Comparison between semi-analytic results
(dashed lines and dot-and-dashed line) and N-body simu-
lation (solid lines). The four lines correspond torh =0.5,
0.71, 0.82, and 1, from bottom to top. For the semi-
analytic results shown with the dashed lines, we used
Cwake = 53r5h. On the other hand,Cagg = 30 is used
for the case withrh = 1, where temporary gravitational
aggregates are formed (dot-and-dashed line).
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