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Introduction:  Gravitational accretion of particles 

in circumplanetary disks is an important issue related 

to the origin of ring-satellite systems of giant planets in 

the Solar System. In contrast to accretion of planetesi-

mals in circumstellar disks, tidal forces cannot be ig-

nored in circumplanetary disks, especially in the inner 

part of the disk closer to the central planet. In many 

earlier works on planetary rings, it was explicitly or 

implicitly assumed that gravitational accretion of parti-

cles is prohibited, but later theoretical studies have 

demonstrated the importance of gravitational accretion 

of particles in the outer parts of Saturn’s rings [e.g., 1-

5]. In fact, observations by the Cassini spacecraft 

showed that the sizes and shapes of the small satellites 

within the orbit of Pandora approximately match those 

of their associated Hill spheres [6]. Moreover, the den-

sities of these satellites are all approximately equal to 

the critical density at that distance, which is defined as 

the density of a body that entirely fills its Hill sphere. 

These results suggest that these satellites were formed 

by accretion of small porous ring particles [6]. When 

the density of the satellite reaches the critical density at 

that distance, further accretion is suppressed. N-body 

simulations demonstrated that a Hill sphere-filling 

body is produced by accretion of small porous particles 

onto a larger dense core [6]. Propeller-shaped struc-

tures have also been found in Cassini images of Sat-

urn’s A ring [e.g., 7-10]. These propeller-shaped fea-

tures are explained by gravitational interaction between 

ring particles and unseen embedded moonlet’s with 

sizes between tens and thousands of meters. Some of 

these moonlets may have formed by accretion of small 

low-density ring particles onto larger dense fragments, 

which may be collisional shards resulting from the 

breakup of a bigger icy progenitor ring body. Thus, 

accretion in the rings may also be related to the origin 

of these embedded moonlets. 

The criteria for gravitational accretion of particles 

in the Roche zone was derived based on the Hill ap-

proximation in the three-body problem [2]. The criteria, 

which we call the “three-body capture criteria”, state 

that colliding particles can become gravitationally 

bound if they are within their mutual Hill radius and E 

< 0 after inelastic collisions, where E is the sum of the 

relative kinetic energy and tidal potential energy of 

colliding particles. Furthermore, using the criteria, cap-

ture probability for collisions between ring particles 

was obtained by three-body orbital integration [2, 11]. 

Numerical results showed that the capture probability 

decreases abruptly when rp > 0.7, where rp is the ratio 

of the sum of radii of colliding particles to the Hill 

sphere radius, because particles overflows from their 

Hill sphere in such a case. However, many-body effects 

are expected to become important as accretion of parti-

cles proceeds and aggregates are formed [4-6]. Such 

effects are not included in three-body calculations. 

 In the present work, using local N-body simula-

tions, we investigate the process of accretion of ring 

particles onto a moonlet, and examine the validity of 

the above three-body treatment. 

 

Method:  We adopt the method of local N-body 

simulation, and use a code based on our previous 

works [12, 13]. We erect a rotating Cartesian coordi-

nate system with origin at the center of the rectangular 

simulation cell that moves on a circular orbit with 

semi-major axis a0 at the Keplerian angular velocity 

around Saturn. A moonlet is fixed at the origin of the 

coordinate system. The gravitational forces are directly 

calculated using GRAPE-7, which is a special-purpose 

hardware for calculating gravitational forces, and orbits 

of particles are integrated with the second-order leap-

frog method. Particles are assumed to be smooth 

spheres and their collisions are treated based on the  

hard-sphere model. For each time step, particles not yet 

perturbed by the moonlet are added to the cell from the 

azimuthal boundaries. The number of the particles en-

tering the cell is determined by the simulation time step, 

a given dynamical optical depth, and the size of the cell. 

In order to obtain equilibrium velocity in a ring without 

the moonlet, we perform separate simulation with peri-

odic boundary conditions without the moonlet. Because 

we assume in the present calculations that the ring op-

tical depth is low, velocities of the newly-added parti-

cles are given by Rayleigh distribution using the result 

from the separate simulation [14]. Particles leaving the 

simulation cell through the azimuthal boundaries are 

removed from the cell, but we retain the periodic 

boundary condition in the radial direction. We take the 

size of the simulation cell to be large enough to neglect 

the effect from the adjacent cells on the process of ac-

cretion onto the moonlet in the simulation cell. 

In order to examine the accretion process and time-

scale for the growth of the moonlet in detail, we count 

the number of particles that form an aggregate by two 

different methods. First, we use the above three-body 
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capture criteria for the moonlet and each of the collid-

ing particles, and examine if a particle is gravitationally 

bound within the Hill sphere of the moonlet. This 

method is identical with the one used in the three-body 

calculations [2, 11]. However, in this method, the self-

gravity of the particles accreted by the moonlet is ne-

glected, and we underestimate the number of particles 

in the aggregate, because the number of particles ac-

creted onto the moonlet increases with time. Second, in 

order to correct the above problem, we count the num-

ber of particles touching the aggregate as a member of 

the aggregate; we call this the “aggregate criterion”. 

Initially, the moonlet is not covered by any ring parti-

cles, thus the moonlet itself is regarded as the only 

member of the aggregate. In our numerical code, we 

regard a particle as a member of the aggregate if it is 

effectively touching any member of the aggregate in-

cluding the moonlet. 

Using the above two criteria for gravitational cap-

ture by the moonlet, we calculate accretion rates of 

particles onto the moonlet and the number of particles 

in the forming aggregate in rings with low optical depth 

(τ = 0.01). The accretion rate obtained by our simula-

tion is compared with that obtained by three-body cal-

culation [11]. In this work, we assume that all particles 

have identical radius of 1m, and the moonlet’s radius is 

20m. The density of both ring particles and moonlet is 

0.9gcm
-3

. The normal restitution coefficient is 0.5.  

 

Results:  Figure 1 (a) shows the plots of the accre-

tion rate as a function of time, for calculations at the 

distance from Saturn that corresponds to rp = 0.7. The 

accretion rate shown in this figure is calculated by the 

aggregate criterion. The accretion rate obtained by the 

N-body simulation agrees well with that obtained by 

the three-body calculation until about 10 TK. However, 

the result of N-body simulation is slightly larger than 

the three-body results from 10 TK to 40 TK, because a 

significant number of particles have accreted onto the 

moonlet by this time, and the collision cross section of 

the aggregate increased. At about 40 TK, the aggregate 

reaches a quasi-steady state with a nearly constant 

number of constituent particles. After that, the aggre-

gate repeats accretion and releasing of particles again 

and again. Figure 1 (b) shows the time variation of the 

number of particles in the aggregate calculated from 

the two different methods. We find that the three-body 

capture criteria underestimate the number of particles 

in the aggregate. The result obtained from the aggre-

gate criterion also shows recurrent accretion and re-

lease of particles in the quasi-steady state. 
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Figure1: (a) Accretion rate of particles by the moonlet 

as a function of time. The filled and open circles repre-

sent the positive and negative values of the accretion 

rates, respectively, calculated from N-body simulation. 

The dashed horizontal line represents the result based 

on the three-body calculations. (b) Number of particles 

that form the aggregate. The solid line represents the 

result calculated from the accretion criterion, while the 

dashed line represents the result calculated from the 

three-body capture criteria. 
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