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Introduction: In asteroid lightcurve inversion,
the shape and spin of an asteroid as well as its scattering properties are solved for. We develop novel
Markov-Chain Monte-Carlo methods (MCMC) for the
statistical inversion of asteroid spins and shapes in the
case of limited numbers of and/or sparsely distributed
disk-integrated photometric observations.

the rotational phase becoming redundant because of
the general shape model. For the sphere-cylinder and
axisymmetric convex shape models, the rotational
phase remains as one of the free parameters. The initialization of the sampling can be accomplished, e.g.,
by using prolate spheroids. For a detailed description
of MCMC methods, the reader is refered to [8].

In conventional lightcurve inversion, the shape model
is a convex polyhedron, where the free parameters are
either the individual polyhedron facet areas or the coefficients of the spherical-harmonics series describing
the Gaussian curvature of the surface [1]. Spin and
shape models can be derived using relative photometry
by applying simplified scattering laws, such as a combination of the Lommel-Seeliger and Lambert laws.
Extensive results of asteroid lightcurve inversion have
been reported in, e.g., [2]. For more sophistigated scattering laws, the reader is refered to [3,4,5]. The scattering properties are usually assumed to be homogeneous
over the surface.

The MCMC approach allows for a flexible incorporation of conditions on the shapes to be sampled. For the
general convex model, at each sampling step, the convexity of the shape is verified, returning a rejection for
concave solutions. Solutions are constrained into a
realistic regime in radial distances, that is, only radial
distances within [0.3, 1.0] are presently accepted. Solutions are further constrained by the requirement that
the triangle mesh be mathematically well defined.

Numerical methods: We have developed three
MCMC inverse methods of gradually increasing complexity. First, we make use of single-parameter biaxial
sphere-cylinder shapes consisting of finite cylinders
with hemispherical caps. By introducing suitable additional plane elements, we obtain two-parameter triaxial
sphere-cylinder-plane-element shape models [6]. Second, we utilize axisymmetric convex shapes composed
of a number of interconnected conical frustums. We
integrate analytically the disk-integrated brightnesses
of the conical frustums for the combined LommelSeeliger and Lambert scattering law, thus efficiently
reducing the computing times in MCMC inversion.
Again, by introducing suitable plane elements, we introduce triaxial shape models that are no longer axisymmetric. Third, we make use of general convex
shapes described using a finite number of triangles [7].
Whereas conventional lightcurve inversion consists of
two parts, that is, the derivation of the normal-vector
distribution and the subsequent derivation of the convex shape from the normal vectors, in MCMC inversion, the convex shape solutions are directly sampled
(as in simplex inversion, [7]). There are four parameters for the spin characteristics: the rotational period,
the ecliptic longitude and latitude of the rotational
pole, and the rotational phase of the object at a given
time. For the general convex shape model, the shape is
specified using triangles with the Cartesian coordinates
of the nodes as free parameters. Altogether, there are
3+3N free parameters where N is the number of nodes,

Results: We have applied the MCMC inversion methods to the limited lightcurve observations of the nearEarth objects 2003 MS2 and (1981) Midas, and to the
extensive observations of (1580) Betulia. In all cases,
we have succeeded in obtaining realistic spin and convex shape solutions within reasonable computing times
(using often more than 100 free parameters). In order
to validate the MCMC methods, we will apply the
MCMC methods to the extensive lightcurve observations of the main-belt asteroid (951) Gaspra.
Conclusion: We have developed MCMC inversion
methods for deriving asteroid spins, shapes, and scattering properties from photometric lightcurve observations using simplified and general convex shapes. With
the help of the novel methods, we have successfully
assessed both limited and extensive lightcurve observations of three near-Earth objects. In the future, we
plan to study the MCMC inversion for concave shapes.
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