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OBLIQUITY HISTORIESOF EARTH AND MARS: INFLUENCE OF INERTIAL AND 
DISSIPATIVE CORE-MANTLE COUPLING; Bruce G. Bills, LPI, Houston, TX 

For both the Earth and Mars, secular variations in the angular separation of the spin axis 
from the orbit normal are suspected of driving major climatic changes (1,2,3,4). There is thus 
considerable interest in determining, as accurately as possible, the amplitude and timing of 
these obliquity variations. If the orientation of the orbital plane were inertially fixed, and the 
planet were to act as a rigid body in its response to precessional torques, the spin axis would 
simply precess around the orbit normal at a fixed obliquity e and at a uniform angular rate a 
cos(e). The precession rate parameter 

depends on the principal moments of inertia (AsBsC) and rotation rate w of the perturbed 
body, and on the gravitational masses p = GM and semiminor axes b = a(1-e2)li2 of the 
perturbing bodies. For Mars, the precession rate is not well known, but probably lies in the 
inteival 8-10 arcsec/year (5,6,7,8,9,10). The much larger precession rate for the Earth (-50.3 
arcsec/year) is partly due to greater proximity to the Sun (which contributes roughly 1/3 of the 
total), but is mostly due to the presence of the Moon (1 1). 

Gravitational interactions between the planets lead to secular motions of the orbit planes 
of the form 

where I and n are the inclination and longitude of the node, and Nj, Sj and 6j are amplitudes, 
rates and phase constants (12,13). In the rigid body case, the spin axis still attempts to precess 
about the instantaneous orbit normal, but now the obliquity varies. A first order solution for 
the obliquity can be written in a form similar to [2] but with amplitudes KjNj, where the 
admittance K j has the value (1  4,15,16) 

As the orbital precession rate constants s j  are all negative and fall within the range (-26.3 
arcsec/year I Sj 5 O), while the spin precession rate constants are positive, the potential exists 
for significant resonant amplification of the obliquity if the denominator of [3] approaches zero 
(17,18). The possibility of actual singularities in [3] is not too worrisome, as the linear analysis 
leading to that form of the admittance is no longer applicable in the immediate vicinity of a 
resonance. However, the physical model of rigid rotation which leads to that formula is almost 
certainly too simplistic. 

The hydrostatic figure of a planet represents a compromise between gravitation, which 
attempts to attain spherical symmetry, and rotation, which prefers cylindrical symmetry (19). 
Due to their higher mean densities, the cores of the Earth and Mars will be more nearly 
spherical than the outer layers of these planets. The direct gravitational torques on the core will 
thus be inadequate to make it precess at the same rate as the mantle. .For the Earth, where the 
structure is relatively well known, the core oblateness is only about 3/4 that required for 
coprecession with the mantle (20). However, it is clearly the case that the core and mantle 
precess at very nearly the same rate (21,22). Two different types of torques contribute to the 
coupling. 
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On short time scales it  is appropriate to consider the core to be an invisid fluid 
constrained to move within the ellipsoidal region bounded by the rigid mantle (23,24). The 
inertial coupling provided by this mechanism is effective whenever the ellipticity of the 
container exceeds the ratio of precessional to rotational rates. If the mantle were actually rigid, 
or even elastic, this would be an extremely effective type of coupling. However, on sufficiently 
long time scales, the mantle will deform viscously and can accomodate the motions of the core 
fluid. The inertial coupling torque exerted by the core on the mantle will have the form Ti = 
ki [w, x wc]. A fundamentally different type of coupling is provided by electromagnetic or 
viscous torques (25.26). The dissipative coupling torque exerted by the core on the mantle will 
have the form Td .I -kd [w, - wc]. This type of coupling is likely to be most important on 
longer time scales. In each case, the mantle exerts an equal and opposite torque on the core. 

The admittance which relates inclination amplitude to obliquity amplitude is now a 
complex quantity which can be written in the following form (27,28) 

The coupling constants are rescaled (8, = kd/Cm, ym = w cos(e) ki/Cm) and then combined 
to form a single complex parameter qm = 7, - ism. Also, am = am cos(c) + cos(1) dn/dt. Core 
parameters (a&,7c,r]c) are defined analogously, and the sum of core and mantle parameters r] 
= qm + qc is left unsubscripted, and Aa = am-%. Viscous relaxation of the mantle is included 
by multiplying both 7 values by (iss)/(l+iss), where r is the effective Maxwell relaxation time 
of the mantle. 

There are several features to note, in comparing [3] and [4]. As is typical of a forced 
oscillation with damping, the response now lags the forcing by an amount which depends on 
the frequency of forcing and the strength of the viscous coupling. The most evident difference 
in response is near resonance, since [4] exhibits .no singularities. However, even away from 
resonance, the inclusion of possible differential precession can modify the obliquity history by 
amounts that could have climatic significance. Unfortunately, the coupling constants are not 
well known, even for the Earth, and are almost completely unconstrained for Mars. Thus, some 
caution is advised in constructing climatic history scenarios which depend on details of the 
obliquity history. 
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