
LPSC SYI 435 

PLANETARY ACCRETION RATES: ANALYTIC FORMULAE 
CONFIRMED BY A VARIETY OF NUMERICAL SIMULATIONS 

R. Greenberg and W.F. Bottke, Lunar and Planetary Lab, Univ. of Arizona, Tucson 

The dynamics of encounters of planetesimals with growing planetary embryos have been 
traditionally modelled using a two-body approximation (1). Greenberg et al. (2) discovered that 
random velocities V (corresponding to orbital eccentricities and inclinations) during accretion 
dropped so low, relative to  the embryos' escape velocities V,, that approaches were governed 
predominantly by keplerian shear rather than by the random motion. They noted that the 
traditional methods for estimating impact rates needed to be re-examined before use in this low- 
velocity regime. - 

Comparison of numerical integration of orbital motion with results of the two-bod y met hod, 
< led Wetherill and Cox (3) to conclude empirically that the latter did not work for V/V, - 0.1. 

However, Greenberg et al. (4) found that two-body behavior is a good approximation of encoun- 
ters even a t  such low velocities, if one takes into account the way that the approach trajectory 
sets up the encounter geometry. 

This discovery provided the foundation for an analytic evaluation of impact rates (5), which 
takes into account the transition from governance of approach by random motion to governance 
by keplerian shear. It was found that this transition takes place near V/V, - ( 2 l r p ~ ~ / ~ ) " / ~  or 
about 0.1, which explains the limit found in (3). (Notation here follows (5).) For larger Tf/V, 
(Regime A), the usual formula with two-body gravitational cross-section applies: 

Impact rate .c lrr2(1 + vR/v2)an/2 (4 

For smaller V/V, (Regime B), approach dynamics enhance the accretion by an additional 
factor x V/Ve (5): 

Impact rate - T T ~ V ~ U / ( ~ ~ / M ) ~ / ~ V ~  ( B )  

We note further that once the gravitational cross-section is larger than the disk thickness, 
< which occurs for V/V, - ( 2 ~ p a ~ / 3 ~ ) " / ~  (Regime C), the two-dimensional formula applies: 

Impact rate - 4raVe (c) 

These analytic formulae, although intended to be only approximate, agree very well with 
impact rates found by three-body orbital integration (3,6,7). Several examples of the agreement 
are shown on the next page. The predictive success of these formulae indicates that we now have 
a reasonably good understanding of some of the fundamental processes controlling impact rates. 
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Figures: Plots of impact rates for cases studied in numerical experiments (3,6,7) for a variety 
of values of a, q, and m. Solid lines are our analytic model in regimes A, B, and C. Scaling matches 
that used in each numerical study. Data points in (a) are from Fig. 9 of (3) ,  in (b) are from Fig. 
2 of (8) based on ( 6 ) ,  and in (c,d,e,f) are from Figs. 8a,b,c,d of (7). 
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