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The well-known initial mass of a planetesimal, 10lag (at 1 AU), is estimated with the critical 
wave length A, of an axisymmetric mode of gravitational instability in a dnst layer, i.e., CrAf N 

1018g, where C is the surface density of the dust layer [I]. However, from its original meanig, A, 
is only a radial width of an unstable ring and is never an azimuthal length of a fragment [2,3,4]. 
Therefore, the above estimate of a fragment mass, CrAf , is based on an assnmption that an 
azimuthal length of a fragment is also given by the radial width of an unstable ring A,. 

In the present work, we have studied non-axisymmetric gravitational instabilities in the dnst 
layer in a framework of linear analysis in order to examine the validity of the above assumption. 
F'urthermore, in the ring mode analysis as made in previous work [2,3,4], shear effects of the 
Keplerian rotation cannot be included. As is well known, shear flows have potential instabili- 
ties. Those effects can be included only through non-axisymmetric modes. Hence it is another 
objective of the present work to see an interaction between shear and gravitational instabilities. 

We investigated the stabilities of non-axisymmetric modes in two cases: C a s e I  compress- 
ible infinitesimally thin Keplelian disks and C a s e I I  incompressible Keplerian disks with finite 
thickness 2h with a vertical motion freedom. Ln both cases we adopted a coordinate co-moving 
with the Keplerian shear motion. In that coordinate we can easily find analytic solutions of the 
Poisson eqnation for the pertnrbed gravitational potentioal $J' as a function of the time t. Then 
in C a s e I  the pertnrbed azimuthal velocity v, is governed by the eqnation 

with I = kz + t k, and k(t) =. {k2 + k i l t ,  where k, and ku are the radial and azimuthal 
wave numbers, respectively, c is the sound velocity of the disk fluid, and 52 is the l o c a f ~ e ~ l e r i a n  
frequency. In C a s e I I  the equation for ~ ( z ,  t )  ( E $' +pl/p, where $' and p' being the pertnrbed 
gravitational potential and pressure, respectively, and p the density ) is given by 

with the boundary conditions 
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and 
d2€/dt2 = - a ~ / a ~ l ~ = ~ ,  

where E is the vertical displacement of the disk surface. The magnitude of self-gravity of the 
disk is specified by the dimensionless quantities Q(= aGC/cf2) in Case1  and Q'(z 4rGp/f12) in 
CaseII .  

The above equations for CaseI  and 11 contain the time t in the case of k, # 0 ( i.e., non- 
axisymmetric modes), according to the Keplerian shear motion. If we put k, = 0, i.e., we choose 
ring modes, these eqnations never contain the time t explicitly and readily give the dispersion 
relations for ring modes obtained in the previous work [2,3,4]. For ring modes, gravitational 
instabilities appear for Q > 1 in CaseI  and for Q' > '4.6 in CaseII  [4]. 

We numerically solved the above equations for a lot of cases and obtained the following 
resnlts and conclusions: 

i) For non-axisymmetric modes, extreme amplification of perturbation occurs for smaller values 
of Q or Q' than the ring modes. 

ii) Such amplffication appears at the time of (E k, + intk,) 0 and, hence, corresponds to 
the over-reflection around the co-rotation point. 

iii) The wave length of such amplification is approximately give by the critical wave length A, 
in the ring modes. 

iv) Stable regular oscillations of non-axisymmetric modes are well approximated by the ring 
. mode oscillations for the instantaneous wave number k ( t ) .  

v) from above results i )  and iii), we can consider that the gravitational instabilities in the dust 
layer occur through non-axisymmetric modes at somewhat earlier stage of dust settling 
than considered so far but the mass of a fragment is almost the same as estimated so far. 

vi) From above results i )  and ii), shear and gravitational instabilities enhance mutually in the 
Keplerian disks. 
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