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The most crowded extrasolar planetary system discovered
so far is the one around main-sequence star 55 Cancri(=���
Cancri). Four planets are known to orbit the star with semi-
major axes ranging from 0.038 to 5.26 AU while the nominal
orbital eccentricities range from approximately 0. to 0.44 [1].
The inner planet, 55 Cnc� , is the lowest mass extra-solar planet
yet found around a Sun-like star being a Neptune-mass planet.
The central star is a solar–type star with an age of about 5 Gyr.
This suggests that the planetary orbits have already undergone
evolutionary processes like migration due to interactions of the
planets with an early disk and/or scattering of planetesimals
and planetary embryos, and tidal interaction with the central
star.

The key for the stability of the system appears to be the
resonance locking between the second and third planet of the
system named planet� and � , respectively. Zhou et al. [2]
showed that the argument���
	������������������� librates
around���! together with the apsidal longitudes"
#$ 	%�
�&�
�  . The libration of � � protects the two planets from close
approaches and grants long term stability to the system.

We are exploring the dynamical stability of the 3:1 reso-
nance locking between planet� and � by using the Laskar’s
Frequency Map Analysis [3] (hereinafter FMA). The major
advantage of this method is to require short term numerical
integrations to outline the stability properties of a dynamical
system. The FMA method measures with high precision the
main frequencies of the system and it computes their diffusion
rate in the phase space. Orbits with lower diffusion rate are
the most stable in time. A large number of fictitious systems
(more than�('�)��+* ) have been numerical integrated as a full
N–body problem with SyMBA [4] for)���, . This interval of
time is long enough to measure the secular frequencies of both
planets� and� and their temporal variations. A short timestep
(1 hr) is adopted in the numerical integration to account for
the short orbital period of the planets and their high eccen-
tricities. The initial semimajor axis, eccentricity, and orbital
angles of planets� and � are randomly sampled around their
nominal values. Planet� and - have fixed initial orbital ele-
ments equal to the nominal ones. All the orbits of the planets
are coplanar. At the end of each numerical integration we re-
tain only those simulations where one of the following critical
arguments,� � 	.�  ����� � �
���  , � � 	.�  ���/� � �
��� � , or
�10�	.�  �2�/� � �3�  �4� � , librates over the whole timespan.
To all these simulations we apply the FMA by performing a
detailed spectral analysis of the complex signal56�87�9 for both
planet� anc � as described in [5]. The the non–singular vari-
ables5 and 9 are defined by5:	;����<�=?>@�BA and 98	;�C=D7FEG>@�BA .

The free (that in case of long term stability of the orbit
can be termed proper) frequenciesH  andHI� of the two planets
are computed over running windows covering the)J��, yr of
the numerical integration and free (or proper) eccentricities
�IKL and�MK � are derived from the amplitude ofH s in the power

spectrum of the first window. An average libration amplitudeN
of the critical argument is estimated for each system as mean

of the maximum libration amplitude over shorter sub-windows.
For each value of (� KL , � K � , N ) we estimate the diffusion
rate as the negative logarithm of the standard deviation of the
frequenciesH  and HI� calculated on all the windows. To be
conservative, we choose the higher value between the standard
deviation of H  and H � and we computeO.	P�RQ@<SH �UT >J=?VXWJHYA .
This number will measure the chaotic diffusion of the orbits
and will allow to outline the most stable region in the phase
space.
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Figure1: Diffusionmapof the3:1 resonancebetweenplanet
� and � in 55 Cnc. The coordinateof the x-axis is the free
eccentricityof planet � while the coordinateof the y-axis is
the freeeccentricity of planet� . Theemptycircle represents
thenominalplanetarysystem.

In Fig. 1 we show the diffusion mapin the space(� KL ,
� K � ). About 2800differentresonant systemsareplotted.Dif-
ferentgray levels representvaluesof O rangingfrom 1 to 3
(seethescaleto the right of the Figure). Light gray shading
correspondsto largevaluesof O (about3), low diffusionrate,
and it implies higherstability. The dark regionshave small
valuesof O (around1), a fastdiffusion rate, andarehighly
chaotic. Chaosleadsto instability that causesa fastincrease
of theeccentricityon theplanets.Closeapproachesbegin to
occurandwe assistto theonsetof a ’JumpingJupiter’phase
([6] , [7]). Theplanetshave chaoticorbits frequentlyaltered
by mutualgravitational encountersuntil oneor moreplanets
areejectedout of thegravity field of thestaron a hyperbolic
orbit. Thesystemis left in astableconfigurationwith a lower
number of planets.Smalldotsmarkthosesystemswhereap-
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sidal libration occurs simultaneously to the libration of one of
the possible 3:1 resonance critical arguments. The triangular
shaped stable region outlined in Fig. 1 is limited at low eccen-
tricities by the values of the mutual forced eccentricity of the
two planets. Stable apsidal libration occurs only for low values
of qIrLs . An additional region of apsidal libration is located at
large values of bothq rLs and q rLt but it is highly chaotic (dark
shading). For larger values ofqIrLs the stability region shrinks
and a stable resonance locking is allowed only for a restricted
range ofqIrLt arounduwvYx y .

Fig. 2 illustrates the diffusion map in the (z , q rSs ) space.
Most of the stable planetary systems have libration amplitudes
lower than u|{�}�v�~ while apsidal libration can occur for any
value of z . Low z resonance locking requires low values of
q rLs while the highest values ofq rLs can be reached only forz
larger than�Jv!~ .

In conclusion, the 3:1 resonance in the 55CNC system
appears to cover a wide region in the phase space and it is
characterized by long term stability (low diffusion speed in the
phase space). Apsidal libration is not essential to stability, but
it is present in a large fraction of cases. While in resonance,
the free eccentricity of planet� cannot be larger thanu�vYx y
while that of planet� can reach alsou.v�x�� but only for low
values ofqIrLs . The forced eccentricities limit from below the
range of values for bothqIrLs and qIr?t . The libration amplitude
of the critical argument of the resonance has to be smaller than
u�{�}Jv ~ . These dynamical properties of the 3:1 resonance can
set constraints on the trapping mechanism, possibly related to
the migration, of one or both the planets in the early phases of
evolution of the planetary system. We intend to perform a fur-
ther analysis of the stability of the system for different values
of the masses of the planets, within the observational ranges,
and for different mutual inclinations between the planets.
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Figure 2: Diffusion map plotted in the plane of the libration
amplitude of the resonant argument vs. free eccentricity of
planet� .
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