
THE NEW MODELS OF THE CENTRAL CONFIGURATIONS FOR THE SECONDARY PLANETS 
SYSTEMS AND THEIR STABILITY.  N. I. Perov1 and Yu. D. Medvedev2, 1Astronomical Observatory, State 
Pedagogical University, Respublikanskaya. St, 108. Yaroslavl, 150000. Russia. E-mail: perov@yspu.yar.ru, 
2Institute of Applied Astronomy RAS, Naberejnaya Kutuzova, 10, St. Petersbourg. Russia. E-mail: 
medvedev@ipa.nw.ru 

 
Introduction: In according with Winter [1] I vec-

tors RJ determined the positions of I bodies of mass 
m1,…, mI at the baricentric coordinates system form 
the central configuration in respect of positive con-
stants of m1,…, mI, if the attractions force, acts upon J-
body at the fixed time moment, is in proportion to the 
mass mJ and vector RJ.  

FJ=σ’mJRJ, J=1, I.                                                (1) 
Scalar σ’ is not depending upon J. The uniqueness 

of σ’ value results from (1) and Newton’s laws. Search 
of all central configurations for the arbitrary number of 
material points I with arbitrary mass  m1,…, mI and 
arbitrary of interaction laws are unsolved for the pre-
sent time celestial mechanics problem [2].  It should be 
noted Euler’s and Lagrange’s solutions of the 3–body 
problem are examples of central configurations.  

A New Model Of Central Configuration:   Here 
we consider a plane central configuration of 19 bodies 
(points). The massive 3 bodies with arbitrary mass m1, 
m2, m3  are placed at the vertexes of a regular 3-
polygon and coordinates of the 16 bodies with negligi-
ble mass m4 are determined. Only gravitational interac-
tion of the massive bodies and their action upon small 
mass bodies is considered. The solution for the case of 
equality mass  of the base bodies is set in paper [3] and 
the solution for the internal points for the case m1> 
m2= m3>>m4 is given with the help of the equations (2)   
and for the external points the solution for the same 
case m1> m2= m3>>m4 is given with the help of the 
equations  (3). 
(R/a)(1+2/k)+1/(31/2/(k+2)+R/a)2+(2/k(R/a)-31/2/ 
(k+2))/(((2k+1)2+3)/(4(k+2)2)+(R/a)2-(R/a)k31/2/ 
(k+2))3/2 = 0.                                                              (2) 
 -(R/a)(1+2/k)+1/(-31/2/(k+2)+R/a)2+(2/k(R/a)+31/2/ 
(k+2))/(((2k+1)2+3)/(4(k+2)2)+(R/a)2+(R/a)k31/2/ 
(k+2))3/2 = 0.                                                              (3) 
Here, R is a module of baricentric radius-vector of a 
small body, placed in the position of equilibrium, a is 
the side of the considered triangle, k is a ratio of mass 
m1 and m2 (k=m1/m2). Some numerical results are given 
in the tables 1 and 2.  
Table 1. The positions of equilibrium R/a of 3 small 
bodies depending on the ratio k=m1/m2.  These “inter-
nal” points placed inside the gravitating triangle and 
they lie on the straight line “body with mass m1 and 
baricenter of the points m1, m2, m3  formed the regular 
triangle”.   
 

k=m1/m2 1 1.01 1.1 1.469 
(R/a)0 0 0.00416 0.041168 0.225 
(R/a)1 0.2389 0.24007 0.248994 0.225 
(R/a)2 0.9352 0.93552 0.938377 0.94694 
k=m1/m2 2 100 1000 10000 
(R/a)0 - - - - 
(R/a)1 - - - - 
(R/a)2 0.9529 0.98878 0.998828 0.99989 

 
   Table 2. The position of equilibrium R/a of a small 
body depending on the ratio k=m1/m2.  This “external” 
point placed aside the gravitating triangle and it lies on 
the straight line “baricenter of the point’s m1, m2, m3  
formed the regular triangle and the body with mass 
m1”.   

k=m1/m2 1 1.01 1.1 1.469 
R/a 1.18 1.17972 1.177145 1.16540 
k=m1/m2 2 100 1000 10000 
R/a 1.1489 1.00646 1.000659 1.00009 

 
The analyses of the tables 1 and 2 allow making 

the following conclusions: a) for the ratio of mass 
k=m1/m2 > 1.469 (and m2=m3) some “internal” points coin-
cide and vanish; b) if the value of k tends to infinity then 
value R tends to a, i.e.   several bodies are able to 
move in almost one and the same circle orbit and the 
angles between the beams “m1m2” (and “ m1m3”) and 
“m1m4”   are equal to 30º and 150º. (In restricted circle 
3-body problem the corresponding angles are equal to 
0º, 60º, 120º, 180 º). 

On Stability Of The Central Configurations: In 
order to investigate the solutions of the equations (2) 
and (3) for stability we use of Lyapunov’s methods [4] 
at the first approximation, so   inequalities (5) and (6) 
should be satisfied for the given values of R/a and 
k=m1/m2                                                                     (4) 

-(31/2/(k+2)+3R/a)/(R/a(31/2/(k+2)+R/a)3)+(-
6/k(R/a)3+(27)1/2/(k+2)(R/a)2+31/2/(k+2)(((2k+1)2+3)/(4(k+2)2

)+4(R/a)2-5/2R/a31/2k/(k+2)))/(R/a((2k+1)2+3)/(4(k+2)2) + 
(R/a)2-R/a31/2k/(k+2))5/2 )+4(1+2/k)>0,                               (5) 

(31/2/(k+2)-3R/a)/(R/a(-31/2/(k+2)+R/a)3)+(- 
6/k(R/a)3-7(31/2)(R/a)2/(k+2)-15/2k(R/a)/(k+2)2)-1/4(31/2) 
((2k+1)2+3)/(k+2)3)/(R/a((2k+1)2+3)/(4(k+2)2)+(R/a)2+R/a31/

2k/(k+2))5/2 )+4(1+2/k)>0.                                                   (6) 
(It should be noted the stabilyty of the system of four  
bodies with mass m=m1=m2=m3, and the mass M 
placed in the center of the triangle, takes place if 
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m/M>43.19103131980399995). For the case  k>1 the 
inequality (5) – for the “internal” points of equilibrium 
– satisfies for all ratios of mass k=m1/m2 and the ine-
quality (6) – for “external” points of equilibrium – 
satisfies only for k=m1/m2>31/2 (approximately). These 
results now preliminary, because the corresponding 
characteristic equations have two zero solutions and 
Lyapunov’s method do not allow to draw a strict con-
clusion about stability of motion of bodied with mass 
m4. Moreover, numerical experiments show instability 
of bodies with mass m4 for small varyations of veloci-
ties and distances in the case m1= m2=m3. 

Secondary Planets Subsystems of Jupiter, Sat-
urn and Uranus: It is known there are several satel-
lites moving almost in one and the same circular orbits 
near theirs giant planets. For example: Jupiter with 
Métis and Adrastea (semimajor axes (a) are 128100 
and 128900 km); Saturn with Telesto, Tethys, Calypso 
(semimajor axes are 294700 km) and Saturn with 
Dione, Helene, Polydeuces (semimajor axes are 
377400 km); Uran with Cupid and Belinda (semimajor 
axes are 74800 and 75300 km).  
In the frame of the plane pairwise two-body problem 
the lifetime (TL) of small satellite (mass is equal to m3) 
moving in a circular orbit round the planet like large 
satellites (mass equal’s m2) is given approximately by 
the formula  
TL=m1/m2Torb ,                                                            (7) 
where Torb is the orbital periods of the satellites if 
theirs mass would be equal 0, m1 is mass of the planet. 
Using (7) and [5] we may calculate for lifetime of the 
subsystems types of “Telesto-Tethys” (TLT) and 
“Dione-Helene” (TLH). 
TLT=4700 years; TLH= 3900 years.  
If we denote the sphere of action of the large satellite 
(m2) by rsa, rsa=a(m2/m1)2/5, then the semimajor axes  
a23 of the small satellites (m3) in respect of m2 equals 
a23=a(m2/m1+m3/m1)/ (2+m2/m1+m3/m1-2((1+m2/m1) 
(1+m3/m1)1/2(1-(1/2) (m2/m1)4/5)-2(m2/m1+m3/m1)/ 
(m2/m1)2/5).                                                                 (8) 
Eccentricity of the orbit of m3 in respect of m2 is de-
termined by the expression 
e23=(1+1/(m2/m1+m3/m1)2((2+m2/m1+m3/m1-
2((1+m2/m1)(1+m3/m1))1/2(1-(1/2)(m2/m1)4/5))-
2(m2/m1+m3/m1)/(m2/m1)2/5)(m2/m1)4/5((1+m3/m1)((m2/m
1)4/5-(1/4)(m2/m1)8/5)(1-
(1/4)(m2/m1)4/5)+2((1+m3/m1)((m2/m1)4/5-
(1/4)(m2/m1)8/5)(1-(1/4)(m2/m1)4/5))1/2(2+m2/m1+m3/m1-
2((1+m2/m1)(1+m3/m1))1/2(1-(1/2)(m2/m1)4/5)-
(1+m3/m1)((m2/m1)4/5-
(1/4)(m2/m1)8/5))1/2(1/2)(m2/m1)8/5+(2+m2/m1+m3/m1-
2((1+m2/m1)(1+m3/m1))1/2(1-(1/2)(m2/m1)4/5)-
(1+m3/m1)((m2/m1)4/5-(1/4)(m2/m1)8/5))(1/4)(m2/m1)4/5)).                                  
                                                                                   (9) 

Note, a23 and e23 depends only ratios (m2/m1) and 
m3/m1 
In the frame of this model for the satellite subsystems 
of Saturn “Tethys-Telesto” (TT) and “Dione-Helena” 
(HD) for the epochs of theirs collisions with help of 
[5] we have rsaT=1220 km, aTT=630.34 km,  
eTT=0.935654186, rTTmin=40.56 km (radius of Tethys 
equals 530 km); rsaD=1956 km, aHD=1014.78 km, 
eHD=0.927999883,  rHDmin=73.06 km (radius of Dione 
equals 558 km). So, for the pairwise two-body prob-
lem the lifetime of these satellites subsystems is re-
stricted. The transition from the pairwise two body 
problem for Lagrange’s triangular solution should sat-
isfy the equation (10) in respect of m2/m1 and m3/m1 
(m2/m1)( m3/m1)+ m2/m1+ m3/m1=0.                         (10) 
It is obviously, there are no any positive values of 
m2/m1 and m3/m1 satisfied equation (10), though these 
values for considered satellites are enough small and 
we may  suggest that negligible  external perturbations 
may promote passages  small satellites into triangular 
points of librations. The considered central configura-
tion partially is able to explain motion of some satel-
lites of Saturn in one and the same orbits.  

Conclusion: Rawal J.J. [6] in 1992 have shown 
that there is a great depth of physical meaning in equi-
librium of points of gravitational systems for concep-
tions of origin of planet’s satellites, Solar systems and 
exoplanatory systems.  
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