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The Moon’s hemispherical asymmetries: 

• The farside topography is several kilometers higher than the nearside, 

suggesting the farside has a thicker crust. [1] 

• The mare basalts, formed by the most intense volcanism in lunar 

geological history, erupted predominantly on the nearside from ~3.9 Ga 

to ~3 Ga. [2] 

• Deep moonquakes (DMQs), detected by Apollo seismic stations, are 

located mostly on the nearside at depths of ~800 km. [3] 

 

INTRODUCTION 

The recently completed GRAIL mission provides lunar gravity field data to 

unprecedented precision (<1% at long wavelengths) [8]. We propose to use 

GRAIL observations to constrain the Moon’s internal structure, by solving for 

tidal variations that would result from lateral variations in elastic moduli [9].  

OBJECTIVES 

• The lateral variation in the lunar mantle is assumed to be in spherical 

harmonic degree 1 and order 1 (l=1, m=1) and is introduced in mantle 

shear modulus μ in the form of dVs/Vs, where Vs is the shear wave speed. 

The amplitude of dVs/Vs is small and variable.  

• The numerical calculation is done by the finite element code CitcomSVE 

that was originally developed to solve the post-glacial rebound problem 

for the Earth with a 3-D viscoelastic incompressible mantle [12, 13], and 

later modified to include compressibility [14]. 

• Analytically, we treat the small lateral variation as a structural 

perturbation to the 1-D background and rewrite the governing equations 

with such perturbation added.  

• The perturbation theory works in the way that the equations can be split 

into similar forms in terms of different orders of perturbation. The major 

difference between them is the driving force, which determines at what 

spherical harmonic mode the tidal response would happen. 

• For every order of perturbation, the equations are reformulated in terms 

of vector spherical harmonics expansion and are solved individually [15]. 

RESULTS 

EQUATIONS 

REFERENCES 

[1] Zuber et al. (1994) Science 266, 1839-1843. [2] Wieczorek et al. (2006) Rev. Miner. 

Geochem. 60, 221-364. [3] Nakamura, Y. (2005) JGR 110, E0100. [4] Zhong, S. et al. 

(2000) EPSL 177 131-140. [5] Parmentier E. M. et al. (2002) EPSL 201, 473-480. [6] 

Garrick-Bethell et al. (2010) Science 330, 949-951. [7] Qin, C et al. (2012) Icarus 220, 

100-105. [8] Zuber et al. (2008) 39th LPSC, No 1391. [9] Zhong, S et al. (2012) Geophys. 

Res. Lett. vol 39, L15201. [10] Richards & Hager (1989) JGR 94, 10299-10313. [11] 

Wahr et al. (2009) Icarus 200, 188-206. [12] Zhong, S et al. (2003) GJI 155, 679-695. 

[13] Paulson et al. (2005) GJI 163, 357-371. [14] Geruo, A et al. (2013) Geophys. J. Int., 

in press. [15] Tromp and Mitrovica, Geophys. J. Int. (1999) 137, 856-872. [16] Wahr, J et 

al. Icarus 200 (2009) 188-206. [17] F. A. Dahlen. Geophys. J. R. astr. Soc. (1974) 36, 

461-485. 

Department of Physics, University of Colorado at Boulder, Boulder, Colorado 80309, USA 

Chuan Qin, Shijie Zhong and John Wahr 

Tidal Response of a Laterally Varying Moon: an Application of 
Perturbation Theory 

CONCLUSIONS & FUTURE WORK  

• When a degree-2 tidal force is applied to a spherically symmetric Moon, 

the tidal response must have the same spatial pattern. However, if lateral 

variations in elastic moduli (i.e. shear wave speed) of the lunar mantle 

exist, the tidal response will occur not only at degree-2 but also at other 

spherical harmonic degrees (i.e., mode coupling), with the amplitude of 

response depending on the wavelengths and amplitudes of the structural 

variations.  

• In our former studies, we numerically determined the tidal response of a 

Moon with degree-1 laterally varying mantle structure (i.e. shear 

modules) using a finite element model [9].  

• To better understand the physics of mode coupling between the tidal 

force and the laterally varying interior structures, and interpret our 

numerical results from a theoretical point of view, we here develop an 

analytic method based on perturbation theory [10] to complement the 

numerical approach.  

 

The comparison between the numerical and analytic results of the 

gravitational response of the Moon to (l=2, m=0)  and (l=2, m=2) tidal 

forcing, respectively. 

• The degree-2 tidal force on the elastic and compressible lunar mantle 

with degree-1 lateral variation in shear modulus gives rise to non-degree-

2 tidal response. It also affects tidal responses at degree 2. These results 

have important implications for using GRAIL observations to infer lunar 

interior structure including the core.  

• Our analytic work based on perturbation theory has successfully 

predicted the specific modes arising from the tidal response of the Moon 

and interpreted the behavior of the amplitude of the response for each 

mode. 

• Our analytic results agree reasonably well with our numerical results, 

especially for tidal response with relatively large signal, including 1st 

order degree-3 and 2nd order “self-coupling” responses. 

• In our analytic work, we did not consider the special case of degree-1 

tidal response from the first-order perturbation predictions. Since the 

degree-1 signal from the CitcomSVE is about two orders of magnitude 

smaller than degree-3 signal, we think it would have negligible influence 

on the second-order response. However, we will include the degree-1 

analytic solution in order to fully resolve the problem. 

• Our analytic framework is rather generalized and in principle can be 

applied to any laterally-varying structure. We plan to expand the work to 

consider different laterally varying lunar structure and predict the 

corresponding tidal responses. 

 

 The marked solid lines and dotted lines are amplitudes of response 

predicted by numerical and analytic methods, respectively, with respect 

to the amplitude of dVs/Vs, ranging from 1.25% to 20%. 

 The diagrams below shows the mode coupling sequences predicted by 

the perturbation theory up to the second order, for the (l=2, m=0)  and 

(l=2, m=2) tidal forcing, respectively. (S: spheroidal mode, T: toroidal 

mode) 

 By our analytic prediction, the 1st and 2nd response increases linearly and 

quadratically, respectively, with respect to the increase of dVs/Vs. 

• The hemispherical asymmetry of the crustal thickness and mare basalts 

distribution suggests long-wavelength lateral variability in lunar 

thermochemical structure at early stage[4,5,6], while the DMQ 

distribution reflects the present-day state of the lunar interior. 

We hypothesize [7]: 

• The thermochemical evolution of the mixture of ilmenite cumulates and 

olivine-orthopyroxene (MIC) is the connection between the mare basalt 

emplacement ~3.8Ga and the DMQ in the present-day lunar mantle. 

• The present-day lunar mantle still has the long-wavelength structure (e.g. 

the spherical harmonic degree 1 and order 1). 

METHODS 

General equations: 

• Tidal potential due to eccentric orbit of the Moon (cos 𝑛𝑡  term) [16]: 

𝑉𝑡𝑑(𝑟, 𝜃, 𝜙, 𝑡) =
3휀𝐺𝑚𝑅𝑠

2

4𝑎3

𝑟

𝑅𝑠

2

[(1 − 3cos2𝜃) + 3sin2𝜃cos(2𝜙)]cos(𝑛𝑡)   

                                                                            𝑌20                   𝑌22                              

• Equation of motion [17]: 

𝛻 ⋅ 𝜏 − 𝜌0𝛻𝜙 − 𝜌1𝑔0𝑟 − 𝛻(𝜌0𝑔0𝑢𝑟) + 𝑓
 

𝑡𝑑
= 0 

• Poisson’s equation [17]: 

∇2𝜙 = 4𝜋𝐺𝜌1,     where 𝜌1 = −∇ ⋅ (𝜌0 𝑢 )  

• Constitutive relation for elastic medium [17]: 

𝜏 = 𝜆(𝛻 ⋅ 𝑢 ) 𝐼
 

+ 𝜇(𝛻 𝑢 + 𝛻 𝑢 𝑇)   

When degree-1 lateral variation in shear modulus is introduced: 

• Degree-1 lateral variation in shear modulus: 

𝜇(𝑟) → 𝜇(𝑟, 𝜃, 𝜙) = 𝜇(𝑟)(1 + 𝛿 ⋅ 𝑌11(𝜃, 𝜙))  

• 0th order equations: 

 
𝛻 ⋅ [𝜆(𝛻 ⋅ 𝑢 0) 𝐼

 
+ 𝜇(𝛻 𝑢 0 + 𝛻 𝑢 0

𝑇)] − 𝜌0𝛻𝜙0 + 𝛻 ⋅ (𝜌0 𝑢 0)𝑔0𝑟 − 𝛻(𝜌0𝑔0𝑢0𝑟) + 𝑓
 

𝑡𝑑
= 0

𝛻2𝜙0 = −4𝜋𝐺𝛻 ⋅ (𝜌0 𝑢 0)
  

 

• 1st order equations: 

 
𝛻 ⋅ 𝜆 𝛻 ⋅ 𝑢 1 𝐼

 
+ 𝜇 𝛻 𝑢 1 + 𝛻 𝑢 1

𝑇 − 𝜌0𝛻𝜙1 + 𝛻 ⋅ 𝜌0 𝑢 1 𝑔0𝑟 − 𝛻 𝜌0𝑔0𝑢1𝑟 + 𝑓
 

1𝑠𝑡
= 0

𝛻2𝜙1 = −4𝜋𝐺𝛻 ⋅ (𝜌0 𝑢 1)
  

𝑓
 

1𝑠𝑡
= 𝛻 ⋅ [𝜇𝛿𝑌𝑙𝑚(𝛻 𝑢 0 + 𝛻 𝑢 0

𝑇)] 

 

• 2nd order equations: 

 
𝛻 ⋅ 𝜆 𝛻 ⋅ 𝑢 2 𝐼

 
+ 𝜇 𝛻 𝑢 2 + 𝛻 𝑢 2

𝑇 − 𝜌0𝛻𝜙2 + 𝛻 ⋅ 𝜌0 𝑢 2 𝑔0𝑟 − 𝛻 𝜌0𝑔0𝑢2𝑟 + 𝑓
 

2𝑛𝑑
= 0

𝛻2𝜙2 = −4𝜋𝐺𝛻 ⋅ (𝜌0 𝑢 2)
  

𝑓
 

2𝑛𝑑
=  𝛻 ⋅ [𝜇𝛿𝑌𝑙𝑚(𝛻 𝑢 1 + 𝛻 𝑢 1

𝑇)] 
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