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Introduction:  The finite-element method is a po-

werful technique that can be used to simulate the de-
formation of icy-satellite lithospheres.  Specifically, 
application of the method employing an elastoviscop-
lastic rheology allows a lithosphere to develop natural-
ly depending on the thermal and stress state of the sys-
tem, instead of having to a priori constrain the lithos-
phere.  Also, this method permits multi-physics appli-
cations (e.g., thermomechanical simulations). 

Tekton [1] is the standard bearer for the planetary 
geodynamical community.  Originally designed for use 
in geodynamical problems, the main advantages of 
Tekton are the speed at which the code can be ex-
ecuted and the fact that the source code is freely avail-
able, allowing each user to adapt the code for specific 
problems.  Tekton, however, only solves for mechani-
cal deformation at present and is not the only option.  I 
have traditionally used MSC.Marc [2-5], a commercial 
code with better pre- and post-processing capabilities 
and user subroutines that effectively permit adaption of 
the code.  Marc also permits multi-physics simulations. 

Here, I discuss the general set-up of my thermome-
chanical finite-element simulations, and review the 
state of knowledge of the experimentally determined 
parameters that go into these simulations.  I concen-
trate on water ice, because it is the dominate compo-
nent of icy satellite lithospheres.  There are, of course, 
other components.  CO2 ice, hydrated salts, and inclu-
sions of refractory particulates (i.e., dirty ice) may be 
important for the Galilean satellites (high-pressure 
phases of water ice are also present but at depths be-
neath the lithosphere).  Other, more volatile species 
(ammonia, methane hydrates) may also be significant 
in the satellites of Saturn and beyond.  Experimental 
work has shed some light on the parameters for some 
of these compositions, but none are as a well known or 
as complete as for water ice.   

Thermomechanical Finite-Element Simulations:  
The basic procedure begins with construction of the 
finite-element mesh.  A steady-state or evolving ther-
mal simulation is first performed.  The temperature of 
the nodes on the “surface” is constrained, a heat flow 
to the base of the mesh is set, and any thermal anoma-
lies are applied.  Material parameters, specifically the 
thermal conductivity and diffusivity, are then set. 

Results from a thermal simulation are then piped 
into a mechanical simulation.  Loads are generated by 
application of gravity.  These simulations employ a 
rheology that possesses elastic, viscous (ductile), and 

plastic (to approximate faulting) components.  The 
elastic properties are described by the Young’s mod-
ulus and the Poisson’s ratio.  Ductile creep generally 
can be described by an empirical equation: 
 /  (1) 
where  is the equivalent strain rate, F is a correction 
factor, d is grain size, σ is the equivalent deviatoric 
stress, P is pressure, R is the universal gas constant, 
and T is temperature.  A, p, n, E, and V are determined 
via experiments [see 6].  The equivalent strain rate and 
deviatoric stress are scalar values that are proportional 
to the root of the second invariant of the respective 
tensors; the proportionality constants are different un-
der different mathematical conventions and lead to the 
correction factor F.  The same convention is used in 
Marc and the triaxial experiments under which the 
parameters are measured, so F = 1.  Tekton uses a dif-
ferent convention, and F = 3(n+1)/2/2 [6].  (Note that for 
yield strength envelopes, F = (31/2/2)n+1.) 

A common assumption in lithospheric modeling is 
that the material is pervasively fractured.  Thus for 
sufficiently high stress, the material can be modeled to 
undergo plastic (time-independent, permanent) defor-
mation.  The yield criterion follows Byerlee’s rule, an 
empirical relationship between the shear stress to cause 
slip and the normal force across the fracture [7]. 

Thermal Conductivity/Diffusivity:  It is generally 
agreed that the thermal conductivity of ice is inversely 
proportional to temperature; the two most commonly 
used forms derive from Hobbs [8] and Klinger [9].  
Over the range of likely temperatures, the two forms 
agree to within ~10%.  I generally use the conductivity 
of Klinger [9] for its mathematical simplicity (= 567/T, 
in SI units). 

Perhaps a more significant issue is the effect of po-
rosity on the conductivity.  This porosity can either be 
primary (a fluffily accreted satellite [10]) or secondary 
(an impact generated regolith).  In either case, the ef-
fect is the same: by limiting pathways by which heat 
can be passed, the effective conductivity is lowered, 
perhaps by as much as an order of magnitude.  On the 
other hand, thermal and pressure effects can anneal the 
ice, restoring the conductivity.  Indeed, the insulating 
effect of a porous layer may be critical to explaining 
the evolution of Iapetus [10] or the lack of a latitudinal 
dependence of crater relaxation on Ganymede and Cal-
listo [2,11], and thus, experiments exploring the evolu-
tion of porous ice are important [e.g., 12]. 
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The thermal diffusivity of ice is also dependent on 
temperature [8], being of order 10-6 m2 s-1 for ice at 
moderate temperatures and of order 10-5 m2 s-1 for low-
temperature ice (less than ~100 K).  Of course, porosi-
ty will reduce the diffusivity. 

Elasticity: The Young’s modulus and Poisson’s ra-
tio of synthetic and natural ice samples has been meas-
ured in the laboratory to be ~9 GPa and ~1/3 [13,14].  
There has been some question, however, on the appli-
cability of the measured Young’s modulus to larger 
scale natural systems.  For instance, application of the 
measured modulus to elastic flexure models for ridges 
on Europa [15] results in implausibly thin effective 
elastic thicknesses.  As reviewed by Nimmo [14], es-
timates of the Young’s modulus from natural systems 
can be significantly lower than the laboratory meas-
ured value; however, this reduction is likely the prod-
uct of non-recoverable deformation (i.e., brittle failure 
or ductile creep).  Because this finite-element applica-
tion incorporates these mechanisms, I use the laborato-
ry measured elastic parameters. 

Porosity will also reduce the effective Young’s 
modulus of the material by 1-2 orders of magnitude.  
This reduction is potentially quite significant, adding 
an aspect soil mechanics to icy satellite studies.  Again, 
understanding the evolution of porosity in ice and how 
it can “heal” into competent ice under conditions pre-
valent in icy satellites is critical.  To date however, any 
porous layer has generally been smaller than the reso-
lution of my finite-element meshes, and so I have ig-
nored the mechanical consequences of porosity. 

Ductile Creep: Several creep mechanisms operate 
at conditions present in icy satellite lithospheres, in-
cluding dislocation creep, easy slip along the basal 
plane, sliding along grain boundaries, and diffusion 
creep [6,16,17].  (The parameters for diffusion creep 
have only been estimated, although diffusion creep is 
likely more important for low stress conditions asso-
ciated with convection below the lithosphere.)  Basal 
slip and grain-boundary sliding (GBS) are dependent 
mechanisms and rate-limit each other (strain rates add 
in parallel).  In lithospheres, GBS is generally the 
slower, and so it dominates.  These mechanisms are 
independent of dislocation and diffusion creep (strain 
rates add in series).  There has been some disagree-
ment over the measurement of the dislocation creep 
parameters, particularly in the identification of a “re-
gime C” that may control dislocation creep at low tem-
peratures and strain rates [17].  This regime, however, 
could be an artifact of the experimental procedures [6]. 

GBS (and diffusion creep) is sensitive to the grain 
size.  Because grain size is unknown within the lithos-
pheres of icy satellites, this sensitivity introduces a free 
parameter.  Using glacial ice as an analogy, the grain 

size has been estimated to range from 0.1-10 mm [2].  
Additionally, the grain size may also evolve as a func-
tion of temperature and stress. 

Plasticity:  The friction of ice has been measured 
[7], and like for rocks, it is insensitive to temperature 
and possesses shallow and deep branches.  Curiously, 
the shallow branch appears to have a non-zero cohe-
sion (i.e., the inherent stickiness of the fracture), al-
though this could be an artifact of the experiment.  
Differences to a fit of the data constrained to possess 
no cohesion are small.  The presence of a cohesion for 
the shallow branch is actually beneficial to finite-
element simulations because zero cohesion implies 
strengthless material at the surface, which can crash 
the simulations because of unbounded deformation. 

Discussion:  The parameters needed to perform 
thermomechanical, finite-element simulations of a li-
thosphere composed of water ice are fairly well 
known; however, certain issues remain.  For instance, 
further experiments can resolve the discrepancy con-
cerning the nature of the dislocation creep mechan-
ism(s) [6,16,17].  Such work will likely just refine the 
parameters and probably will not radically change any 
conclusions drawn from previous simulations. 

The most outstanding issue is likely the thermal 
and mechanical properties of porous ice.  Results from 
experiments have started to resolve these properties as 
a function of the porosity of ice, but what is needed is a 
model for the evolution of porosity as a function of 
pressure and temperature [e.g., 12].  With such a mod-
el, the effects of porosity can be more rigorously in-
cluded in simulations of the lithosphere. 
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